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�ÅÏfÚ�½Ïf

~X,é�[PkAz["ÈA�úiVÏfïÄ.

Túi�ÅÀ�
Ù¥Ô[A, ¿�¦z[A�
óéTA�

+n?1µd. �À¥?1ïÄ�Ô[ûA�¤
�ÅÏf“"

ÈûA"�Ô�Y². 3ù«�¹e§+n�Ø=é¤ÀÔ[û

A�+n�¹a,�,�F"ò(Jí2�¤kûA.

lz�ûA�Ê�Ü�¥�ÅÄ�
l¶
ó§y3'5�´


óéÜ�Ú�A+n�µd. Ü�´���½Ïf,Ï�z[

A�kÊ�Ü�§
<�'5�Ò´ùÊ�Ü�.
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�ÅÏfÚ�½Ïf

�½�A: <�a,��´¤ÀA½ÏfY²´ÄéÏCþk

K��¯K.

�Å�A: eÏfY²´ld3ÏfY²���oN¥Ä�Ñ

�����,ïÄ�­:´ÏfY²d3oN.

XÛ«©�½Ïf�´�ÅÏf, �ûuïÄ�8I´Y²�A�

´d3�Y²oN.

�½�A�.: ¤kÏfÑ´�½Ïf���/���©Û�.;

�Å�A�.: ¤kÏfÑ´�ÅÏf���©Û�.;

·Ü�A�.: Ü©Ïf´�Å!Ü©Ïf´�½���½��

�©Û�..
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�5·Ü�A�.

�Ä����5·Ü�A�.

y = Xβ + Uξ + e, (9.1)

Ù¥y�n × 1*ÿ�þ, XÚU©O�n × pÚn × q�®��O


, β�p × 1 ��ëê�þ, ¡��½�A, ξ �q × 1 �Å�

þ, ¡��Å�A, e �n × 1 �ÅØ�. ��b�E(ξ) = 0,

E(e) = 0, Cov(ξ) = D ≥ 0, Cov(e) = R > 0, �ξÚeØ�',

=Cov(ξ, e) = 0. u´y����
�

Cov(y) = Σ = UDU′ + R > 0.
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A~µ��©þ�.

b��Å�Aξ ����
äkXe(�:

D = diag(σ2
1Iq1 , · · · , σ2

k−1Iqk−1), Cov(e) = R = σ2
e In. (9.2)

��A�©¬: U = (U1,U2, ...,Uk−1), ξ = (ξ′1, ξ
′
2, · · · , ξ′k−1)

′.

PUk = In, ξk = e, σ2
k = σ2

e . K

y = Xβ + U1ξ1 + U2ξ2 + · · ·+ Ukξk, (9.3)

Ù¥Cov(y) =
k∑

i=1
σ2

i UiU′i
4
= Σ(σ2), ùpσ2 = (σ2

1, · · · , σ2
k )
′.

©z¥¡σ2
i���©þ (variance component), �A/¡�

.(9.3)���©þ�..
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�½�A��O

6À�Å�AξÚ�ÅØ�e����
DÚR®�, Ké?¿�

��¼êc′β,§�BLU�O�

c′β∗ = c′(X′Σ−1X)−X′Σ−1y, (9.4)

Ù¥c ∈M(X′), β∗ = (X′Σ−1X)−X′Σ−1y�β�2ÂLS).

^D��OD̂ÚR̂�O,��c′β�üÚ�O

c′β̃(Σ̂) = c′(X′Σ̂−1X)−X′Σ̂−1y. (9.5)

Ù¥,

Σ̂ = UD̂U′ + R̂
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�½�A��O

e���
D÷v(9.2)�(�,=�.(9.3)e,Kc′β�üÚ�O

q����

c′β̃(σ̂2) = c′(X′Σ−1(σ̂2)X)−X′Σ−1(σ̂2)y, (9.6)

ùpσ̂2 = (σ̂2
1, · · · , σ̂2

k ),Ù¥σ̂
2
i ���©þσ

2
i��«�O.

½n9.1.1
éu·Ü�A�.(9.3), b�e, ξ�éÜ©Ù'u�:é¡. �σ̂2 =

σ̂2(y)´σ2����O,§´y�ó¼ê�äkC�ØC5. é���

�¼êc′β,eE(c′β̃(σ̂2))�3,KüÚ�Oc′β̃(σ̂2)7�c′βÃ �O.
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�½�A��O

üÚ�O ½n9.1.1y²Ù3Nõ�¹e´Ã �µ

X�ξ, e Ñlõ���½�g�©Ù'u�:é¡, ��pÕá

�,KξÚe�éÜ©ÙÑ'u�:é¡.

σ2 �~��Oµ��©Û�O!4�q,�O!��4�q,

�OÚMINQUE�OÑ´y�ó¼ê,�C�ØC.

`uLS �O�{ü�O XPanelêâe�Between�O

ÚWithin�O( Baltagi, 1995); Ì©)�O(�t?ÚÙ�Ú,

2002),�{�O(WuÚWang, 2002).

LS�O ½n4.6.2y²µ�PXΣ�é¡
,K��¼êc′β�LS�

O�BLU�. X²ïêâe��Å�A�.��/.
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�Å�A�ýÿ

�.(9.1)e, b�D, RÑ´®�, K�Å�A�ξ ��Z�5Ã

 ýÿ£BLUP¤

ξ̂ = DU′(UDU′ + R)−1(y− Xβ∗), (9.7)

^D̂ÚR̂�OD, R,��1�BLUP.�'[!�15Ù.

ξ̂Úβ∗ �·Ü�.�§ X′R−1X X′R−1U

U′R−1X U′R−1U + D−1

 β̃

ξ̃

 =

 X′R−1y

U′R−1y

 (9.8)

�)£�½n9.4.1¤
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��©þ��O�{

1. ��©Û�O

Ågò�Å�Aξiw��½�A, U��©Û�{�Ñ��Aé

A�²�Ú(½þ�):

Qi = y′(PX,U1,··· ,Ui − PX,U1,··· ,Ui)y, i = 1, · · · , k,

¦ù
²�Ú(½þ�)�þ�: E(Qi) =
∑k

j=i σ
2
j aij.

)d�§|

Qi =

k∑
j=i

σ2
j aij, i = 1, · · · , k,

���©þ��Oσ̂2
i , i = 1, · · · , k. (Ã ��U�K�)
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��©þ��O�{

2. 4�q,�O

b�ξi ∼ N(0, σ2
i Iqi), i = 1, · · · , k,¤kξiÑ�pÕá. K

y ∼ Nn(0, Σ(σ2)).

'uσ24�z>�éêq,¼ê

l(σ2|y) = − ln |Σ(σ2)| − (y− P(σ2)y)′Σ(σ2)−1(y− P(σ2)y).

�σ2�4�q,�O,Ù¥

P(σ2)y = Xβ∗(σ2) = X(X′Σ−1(σ2)X)−X′Σ−1(σ2)y

(σ2�4�q,�Ok ,Ï~I�S�£XEM�{¤��)
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��©þ��O�{

3. ��4�q,�O

Prk(X) = r,b�y ∼ Nn(0, Σ(σ2)). B�n× (n− r)�÷�
,÷

v^�:

(In − PX)B = BB′X = 0.

Kσ2���4�q,�OÒ´Äu

B′y ∼ N(0, B′Σ(σ2)B)

¤��σ24�zq,�O.

5 σ2���4�q,�O�B�ÀJÃ';

5 σ2���4�q,�§�)Ã ,Ï~I�S�¦)
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��©þ��O�{

4. ���êOK

½Â9.7.1
e�5¼êϕ = c′σ2��Oy′Ay÷v

AX = 0,

tr(AVi) = ci, i = 1, · · · ,k,

�¦�ê||U′AU −∆||��4�, K¡y′Ay�ϕ = c′σ2����ê�

gÃ �O(MINQUE).

ØC5: y′Ay = ξ′Aξ ('uβØC);

Ã 5: E(y′Ay) = ϕ = c′σ2;

���ê: ¦�ê||U′AU−∆||��4�.
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b�u�

1. Wald°(u�

�Ä·Ü�A�.

y = Xβ + U1ξ1 + U2ξ2 + e, (9.9)

ùp, ξ1 ∼ Ns(0, σ2
1Is), ξ2 ∼ Nq(0, σ2

2Iq), e ∼ Nn(0, σ2
e In),�§�

*dÕá,

Cov(y) = σ2
1U1U′1 + σ2

2U2U′2 + σ2
e In.

�Eu�ÚOþ,u��Å�Aξ2��wÍ5:

H0µ σ2
2 = 0←→ H1µ σ2

2 6= 0
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°(u�

Äu[Ü~ê�g�(��©Û{)

ò�Å�Aξ1Úξ26À��½�A,�.[Ü���í�²�Ú

SSe = y′y− RSS(β, ξ1, ξ2) = y′(In − P(X,U1,U2)) y.

eσ2
2 = 0,Ky = Xβ + U1ξ1 + e[Ü���í�²�Ú

SSe0 = y′y− RSS(β, ξ1) = y′(In − P(X,U1)) y.

�b�σ2
2 = 0�ý�,K

F =
(SSe0 − SSe)/q2

SSe/q1
=

(y′(P(X,U1,U2)) y− P(X,U1))/q2

SSe/q1
∼ Fq2, q1 ,

ùpq1 = n− rk(X,U1,U2), q2 = rk(X,U1,U2)− rk(X,U1) .
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b�u�

2. Satterthwaite.Cqu�

eÝ
Ì©)µ

NXΣ
(
σ2)NX =

m∑
i=1

λiPi,

ùpλi = a′iσ2, i = 1, · · · ,m,�NXΣ
(
σ2
)

NX�ØÓ��"A�

�.KSi = y′Piy ∼ λiχ
2
ri
, i = 1, · · · ,m�pÕá.

e3H0i : σ
2
i = 0¤á�, λi = cλj (i 6= j, c´��®�~ê¤,K

�3°(u�§X3H0ie,k

F = cSi/ri/(Sj/rj) ∼ Fri,rj .

e3H0i : σ
2
i = 0¤á�,¤kλ1, · · · , λm vk���(½k~ê�

'X),K°(u�Ø�3.

Ç�_ (BJUT) Chap9µ�5·Ü�A�. 18 / 24



b�u�

2. Satterthwaite.Cqu�

Satterthwaite (1941, 1946)JÑ�CqF u��u�ÚOþ

F =
S1 + · · ·+ Ss

St + · · ·+ Sg
. (9.10)

3H0ieÚOþFØ2ÑlF©Ù,��^Ff1,f25Cq,=

F∼̇Ff1,f2 ,

Ù¥gdÝf1Úf2�©O�

f̂1 =
(S1 + · · ·+ Ss)

2

S2
1/r1 + · · ·+ S2

s/rs
, f̂2 =

(St + · · ·+ Sg)
2

S2
t /rt + · · ·+ S2

g/rg
.

¡ù«Cq�SatterthwaiteCq, ¡Äuù«Cq¤���F u

��SatterthwaiteCqu�.
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{ü~f

Ø²ïêâe�ü�©a�Å�.

yij = µ+ αi + εij, i = 1, · · · , a, j = 1, · · · , ni, (9.11)

ùpµ´oNþ�ëê, αi´ÏfA�1i�Y²�A, εij´�ÅØ

�. b�¤k�αi ∼ N(0, σ2
α), εij ∼ N(0, σ2

ε)�Ñ�pÕá.

51 3Ó�Ïfe�*ÿ���'Xê��,�u

ρyij,yij′ =
σ2
α

σ2
Y
=

σ2
α

σ2
ε + σ2

α

4
= ρ, j 6= j′,

¡ρ�|S�'Xê(intraclass correlation coefficient, ICC).

52 eσ2
α = 0,Kρ = 0,=L²�ÅÏfAéÿþ��vkK�.
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{ü~f

ü�©a�Å�.�,�«)ºµ

Pµi = µ+ αi. �.(9.11)��U���Åþ��.:

yij = µi + εij, i = 1, · · · , a, j = 1, · · · , ni, (9.12)

Ù¥µi ∼ N(µ, σ2
α), i = 1, · · · , a,�pÕá, εij´µi�ÿþØ�.

d�,|S�'Xê

ρ =
σ2
α

σ2
Y
=

σ2
α

σ2
α + σ2

ε

q�¡�´&Ý(reliability), ^uïþÚµd*	öm*ÿ½­

Eÿþ(J���5§Ý.

�σ2
α = 0�,&Ýρ�",�σ2

α�éuσ
2
ε���,&Ýρ��Cu1.
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{ü~f

�éü�©a�Å�.,��a,��¯K´u�b�

H0 : σ2
α = 0←→ H1 : σ2

α > 0.

Py = (y11, · · · , y1n1 , · · · , ya1, · · · , yana)
′, ε = (ε11, · · · , ε1n1 , · · · ,

εa1, · · · , εana)
′, n =

a∑
i=1

ni, α = (α1, · · · , αa)
′,

X = 1n, U =

a⊕
i=1

1ni =


1n1

. . .

1na

 .

ùp
⊕
L«Ý
��ÚÎÒ.u´y����
�

Cov(y) = Σ = σ2
α

a⊕
i=1

niJni + σ2
εIn.
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{ü~f

£8²�Ú�í�²�Ú©O�

SSα = y′(P(X,U) − PX)y =

a∑
i=1

y2
i·

ni
− y2

··
n
,

SSε = y′(In − P(X,U))y =

a∑
i=1

ni∑
j=1

y2
ij −

a∑
i=1

y2
i·

ni
,

ùpy·· =
a∑

i=1

ni∑
j=1

yij, yi· =
ni∑

j=1
yij/ni.

(1) SSε ∼ σ2
εχ

2
n−a;

(2) SSε �SSα �pÕá.

(3) SSα ∼
g∑

i=1
(σ2
ε + λiσ

2
α)χ

2
ri
,Ù¥, λi�UU′(P(X,U) − PX)��"

A��, ri�A��λi�­ê.

Ç�_ (BJUT) Chap9µ�5·Ü�A�. 23 / 24



{ü~f

Waldu�ÚOþk°(©Ù,

F =
SSα/(a− 1)
SSε/(n− a)

∼ Fa−1,n−a,

�H01�áý��F ≥ Fa−1,n−a(α).

dSatterthwaiteCq��u�õ�:

P(F ≥ Fa−1,n−a(α)) ≈ P
(

Fr(θ),n−a ≥
(a− 1)

w(θ)r(θ)
Fa−1,n−a(α)

)
.

5 ²ïêâe§=�Ü�ni = n�, ω(θ) = nθ + 1, r = a− 1.

5 SatterthwaiteCq�`:´�é{ü,����Nþ4Ø²ï½

�5|ÜXêÑyKê�,Tu�  ´k u�,d�I�&

^£Khuri et al.,1998).
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·Ü�A�.

'u·Ü�A�.��õSN,a,��Öö�ë�

1)�5·Ü�A�.ÚØ(Ç�_2013)

2) Mixed Models: Theory and Applications with R (Demidenko 2013)

3) Linear and Generalized Linear Mixed Models and Their Applications (Jiang

ÚNguyen 2021)

·Ü�A�.�R�ó§S�½¼ê:
library(nlme) lme() ]�5·Ü�A�.

library(GLMMadaptive) ]2Â�5·Ü�A�.

library(mgcv) ]2Â�5/�\·Ü�A�.

https://bookdown.org/xiangyun/masr/mixed-effects-models.html
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