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���©Û�Ä�Vg

���©ÛéØ�����K�

X3ïÄn«r�üÑé,«��\Z�þ�K�Á�¥, ·

�ÀJ15�ûA, z�ûA��Å��æ^Ù¥�«r�ü

Ñ§z«r�üÑ��5[ûA.n«r�üÑ©O�

üÑ1: ~5Àe�m,���3AS�¤¬};

üÑ2: 3~5 �O\Àe�m;

üÑ3: Ø~5Àe�m	,3L�üà��AÏ��e.

�
�'5, �¦�ûA3r�ÏmT��\Z�ÈdÚ2w

��'^��Ó.

�r�c�ûAT��\Z��þxijÃ{����
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���©Û�Ä�Vg

�ûA�T��\Z�r�cÚr�Ïm��þ

Table: ��\Z�þ

r� ûA

üÑ 1 2 3 4 5

i yi1 xi1 yi2 xi2 yi3 xi3 yi4 xi4 yi5 xi5

1 38 21 39 26 36 22 45 28 33 19

2 43 34 38 26 38 29 27 18 34 25

3 24 23 32 29 31 30 21 16 28 29

Ç�_ (BJUT) Chap8µ���©Û�. 5 / 23



���©Û�Ä�Vg
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��Cþ�ÀJ

��Cþ�ÀJ

1) ��CþÏ~�)ïÄé�cÏ�G�Cþ,X�ïÄé��c

#!�¬²L/ !¯k��Ý�. �"ÈA�ïÄé��, �

�Cþ�U´Á�c��È�½
ó<ê.

2) ��CþØÉØÓ?n½�Y�K�.�
�Ù/)ºïÄ(J,

��CþAT´3ïÄc®�*ÿ½ö�,´3ïÄÏm?1

*	§�TCþATØÉÁ�?n½�Y�?ÛK�.

~8.1.1¥T��\Zr�c�ûA��ÈþÒØÉ�¡ïÄ¥n«r��Y

�K�.
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�À��Cþ�K�

~X�[úi�3�ó§�m��¤�ÔÆ�,Ì��ÔSN´

¬OÚý��n. �
é'ü«�Æ�{��Ô�J, òÆ
�

�Å©��ü«�{¥��«, �§(å�, z Æ
Ñ¬��

���NÆS§Ý�©ê. l�|�ÅÄ�12¶Æ
�¤1.
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��Cþ�ÀJ

ü|�Æ�{eÆ
�¤1kwÍ�É.

��©Û�(Jy¢1�«�Ô�{�`.

òÆS�m����CþÚ\�.�, ���©Û(Jw«�

Ô�{é�Ô¤1A�vkK�

��©ÛÚ���©Û�©Û(J��ogñ?

Ï�Æ
ÆS�mÚÏCþ£Æ
¤1¤ÑÉ�
�Ô�{�K�, �±w

Ñ©��1�«�Ô�{|�Æ
ÊH'©��1�|�ÆS�m�Ú¤1

p.

��CþØÉ?n�{�K�§ÄK�U¬��î­Ø�5(Ø.
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���©Û�.

�Ä������©Û�.

y = Xβ + Zγ + e, e ∼ Nn(0, σ2In),

ùp, y�n× 1*ÿ�þ,

Xβ��.���©ÛÜ©, Zγ��.�£8Ü©,

X = (xij)�n× p®�Ý
,Ù��xij��0½1

Z = (zij)�n× q®�Ý
,Ù��(zij)�±�?¿¢ê�.

β�Ïf�A�þ, γ�q× 1�£8Xê�þ.

b½Z´�÷�,¿�Z���X���5Ã',=

M(X) ∩M(Z) = {0}, rk(Z) = q.
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ëê�O

A^©¬LS�O£6.2!¤,�γ Ú��¼êc′β�BLU�O:

γ∗ = (Z′NXZ)−1Z′NXy,

c′β∗ = c′β̂ − c′(X′X)−X′Zγ∗ = c′β̂ − c′XZγ
∗,

Ù¥β̂ = (X′X)−X′y, XZ = (X′X)−X′Z, NX = In − X(X′X)−X′.

Cov(γ∗) = σ2(Z′NXZ)−1,

Var(c′β∗) = σ2[c′(X′X)−c + c′XZ(Z′NXZ)−1XZc].

5 'u��©ÛÜ©,~æ^J[Cþ{,ò�O
=¤�_Ý
.
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b�u�

b�u� H01 : Hβ = 0.

FÚOþ�

F1 =
(SS∗He

− SS∗e)/m
SS∗e/(n− r − q)

,

Ù¥, SS∗He
ÚSS∗e ©O3H01e�.�Ø�²�Ú���.�Ø

�²�Ú,

SS∗He
= (y− X′β∗H − Zγ∗H)

′(y− X′β∗H − Zγ∗H)

SS∗e = (y− X′β∗ − Zγ∗)′(y− X′β∗ − Zγ∗)

�Hβ = 0�ý�, F1 ∼ Fm, n−r−q,ùpr = rk(X), m = rk(H).
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b�u�

b�u�H02 : Hβ = 0

H02¤á,�.ÒC�X��©Û�.,PSSe��AØ�²�Ú.

F ÚOþ

F2 =
(SSe − SS∗e)/q

SS∗e/(n− r − q)
. (1.1)

�γ = 0¤á�, F2 ∼ Fq,n−r−q.�H02�áý��

F2 > Fq,n−r−q(α).

XJ²u�, b�γ = 0��É, K�±@��Cþ�K�Ø�

3,·���ïÄX��©Û�.Ò

.

Ç�_ (BJUT) Chap8µ���©Û�. 13 / 23



~8.4.2
3zÆn�)�¥K�zn�5(Y) �Ï�kÂ ÇAÚo.��

êB. éA, B��o�Y²?1Á�, ��Á�­E1g. duÁ�¥

>6±Å(Z)ØU����,r§���Cþ,Á�êâXL

�   Ç
Cþ A1 A2 A3 A4

B1
Z 49.0 49.2 49.8 49.9 49.9 49.9 49.7 49.8

o y 71 73 73 75 76 73 75 73
.

B2
Z 49.5 49.3 49.9 49.8 50.2 50.1 49.4 49.4

� y 72 73 76 74 79 77 73 72
�

B3
Z 49.7 49.5 50.1 50.0 49.7 50.0 49.5 49.6

ê y 75 73 78 77 74 75 70 71

B4
Z 49.9 49.7 49.6 49.3 49.5 49.2 49.0 48.9
y 77 75 74 74 74 73 69 69
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b�u�

ãw«:

ÏfA �ØÓY²ey�©Ùk²w��É,cÙ´1oY²e,

y���ÊH'�$, �ÏfB�4Y²ey�Boxã­UÜ©�

õ,¥ ê��C;

(Z,Y)Ñ:ãÑ¥y�½�5ª³, �3ÏfØÓY²eÑ:�

©Ù��vk���É.

Ïd, ÐÚ�@�Â ÇÏfAÚ>6±ÅZézn�5ykK

�,�ö�K�´�5�,
o.��êÏfB�K��UØ�.
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Y~©Û

IéXeb��î�u�.

Â Ç(ÏfA)�wÍ5u�

H01 : α1 = α2 = α3 = α4 = 0←→ H11 : α1, α2, α3, α4Ø��";

o.��ê(ÏfB)�wÍ5u�

H02 : β1 = β2 = β3 = β4 = 0←→ H12 : β1, β2, β3, β4Ø��";

�Cþ£8Xê�wÍ5u�

H03 : γ = 0←→ H13 : γ 6= 0
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Y~©Û

1. �Cþ£8Xê�wÍ5u�

©OO���.Úb�H03 : γ = 0e�.�í�²�Ú,

SS∗e = 37.399, SS∗e(A,B) = 101.031,

ÙgdÝ©O�24, 25. u´���Cþ�£8²�Ú

SS∗γ = SS∗e(A,B)− SS∗e = 101.031− 37.399 = 63.632,

gdÝ�25− 24 = 1. u�ÚOþ

F3 =
SS∗γ

SS∗e/24
=

63.632
37.399/24

= 40.83 > F1,24(0.05) = 4.26,

Ïd, 3wÍ5Y²α = 0.05e, áýH03 : γ = 0, @�>6±

ÅZzn�5kwÍK�.
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Y~©Û

2. Â Ç(ÏfA)�wÍ5u�

O�H01 : α1 = α2 = α3 = α4 = 0e,�.?��í�²�Úµ

SS∗eH01
= 50.434.

ÏfA�?�²�Ú�

SS∗eH01
− SS∗e = 50.434− 37.399 = 13.035.

u´H01�u�ÚOþ�

F1 =
(SS∗eH01

− SS∗e)/3
SS∗e/24

= 2.788 < F3,24(0.05) = 3.01,

ddÐÚ�½Â Ç(ÏfA)én��5Y�K�ØwÍ.
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Y~©Û

3 o.��ê(ÏfB)�wÍ5u�

3b�H02 : β1 = β2 = β3 = β4 = 0��.?��í�²�Ú

SS∗eH02
= 43.277,

�ÏfA�?�²�Ú�

SS∗eH02
− SS∗e = 43.277− 37.399 = 5.878.

duH02�u�ÚOþ

F2 =
(SS∗eH02

− SS∗e)/3
SS∗e/24

=
5.878/3

37.399/24
= 1.257 < F3,24(0.05) = 3.01,

Ïd,�ÉH02,@�o.��êBén��5YK�ØwÍ.
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ÏB�K�ØwÍ,�æ^üÏf����.µ

yijk = µ+ αi + γzijk + eijk, i = 1, · · · , 4, j = 1, · · · , 4, k = 1, 2,

yreg2<-lm(y A+Z, data=data)

Anova(yreg2,type=2)

Anova Table (Type II tests)

Response: y

Sum Sq Df F value Pr(>F)

A 15.315 3 3.185 0.03974 *

Z 66.348 1 41.394 6.802e-07 ***

Residuals 43.277 27
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Ó��&«m

Table: üü�A���&«mÚÓ��&«m

üü�A� :�O �&«m Scheffé«m Bonferroni«m
α1 − α2 2.360 [0.957, 3.763] [0.322, 4.398] [0.413, 4.307]
α1 − α3 2.424 [1.014, 3.834] [0.377, 4.471] [0.468, 4.380]
α1 − α4 4.001 [2.698, 5.304] [2.109, 5.893] [2.193, 5.809]
α2 − α3 0.064 [-1.235, 1.363] [-1.476, 1.604] [-1.738, 1.866]
α2 − α4 1.642 [0.198, 3.086] [-1.822, 1.950] [-0.362, 3.646]
α3 − α4 1.578 [0.123, 3.033] [-0.535, 3.691] [-0.440, 3.596]

�kα2 − α3��&Xê�95%��&«m�¹
":,Ïd,�

±@�ÏfA�1�Y²α2Ú1nY²α3m��ÉØwÍ.
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Äu±þ�&«mÚu�,�±�ÏfA�1oY²üSXe:

α1 > α2 = α3 > α4.

Ø
'uα1Úα2�S	, ù�üS�ã£ãÚO©Û(J��

�Ó, 3TãLyÑ�´α1 < α2. ù:ØÓTÐ`²
£ã5

ÚO©Û�Û�5,���©Û�±òêâd3&E�÷Ñ5.

éuÃ�p�A��/§���©ÛL�(J�N^R^��

§S�“car"¥�¼êAnova()¥�type=2À�¢y, ��.�3

�p�A�§§Saqu~7.3.2.
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