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ü�©a�.

�ÏfAka�Y², 3Y²Ai e�ni g­E*ÿ. Pyij�31i�Y

²Aie1jg�*ÿ�,=�.

yij = µ+ αi + eij, i = 1, 2, · · · , a, j = 1, 2, · · · , ni, (2.1)

ùp, µ�o²þ, αi�1i�Y²��A, eij ∼ N(0, σ2),�pÕá.

>.^�
a∑

i=1

niαi = 0. (2.2)

en1 = · · · = na,K¡�.�²ï�, (2.1)C�
∑a

i=1 αi = 0.

Ç�_ (BJUT) Chap7µ��©Û�. 5 / 121



ü�©a�.�Ý
/ª

Ý
/ª

y = Xβ + e,

Ù¥ y = (y11, · · · , y1n1 , , y21, · · · , y2n2 , · · · , ya1, · · · , yana , )
′,

e = (e11, · · · , e1n1 , , e21, · · · , e2n2 , · · · , ea1, · · · , eana)
′,

X =


1n1 1n1 0 · · · 0

1n2 0 1n2 · · · 0
...

...
...

. . .
...

1na 0 0 · · · 1na

 , β = (µ, α1, α2, · · · , αa)′.

�O
X´�ü��,=��u§��ê;�å^�
a∑

i=1
niαi = 0
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Ï�rk(X) = a,¤±�õ�ka��5Ã'���¼ê.

duµ+αi, i = 1, · · · , aÑ´���,��5Ã',�?���

¼êÑ�L«�§���5|Ü:

a∑
i=1

ci(µ+ αi) = µ

a∑
i=1

ci +

a∑
i=1

ciαi. (2.3)

��¹�Aαi(i = 1, · · · , a)
Ø�¹oþ�µ���¼ê,K

a∑
i=1

ciαi��⇐⇒
a∑

i=1

ci = 0.

éì

¡÷v^�
∑a

i=1 ci = 0�¼ê
∑a

i=1 ciαi���éééììì.
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ëê�O

½½½n7.1.1
éuü�©a�.(2.1)

(1)
a∑

i=1

ciαi��⇐⇒
a∑

i=1

ciαi´��éì,=
a∑

i=1

ci = 0.

(2)éì
a∑

i=1

ciαi�BLU�O�
a∑

i=1

ciyi·

µi = µ+ αi�BLU�O�ȳi·,Ï�d��.�ü�þ��.µ

yij = µi + eij, i = 1, · · · , a, j = 1, · · · , ni.

?¿αi − αj, i 6= jÑ��,ÙBLU�O�α̂i − α̂j = yi· − yj ·
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ü�©a�.�ü«�å^�

\�þ��ü�©a�. =oNþ��µi �\�Ú:

µ =

a∑
i=1

ni

N
µi = E(ȳ··), �å^�

a∑
i=1

ni

N
αi = 0

z��N�þ��À�éoNþ�Ó�­�.

Ã\�þ��ü�©a�. =oNþ��µi�{ü²þ:

µ =
1
a

a∑
i=1

µi, �å^�
a∑

i=1

αi = 0

ÏfA�Y²ü�eÏCþ�þ��À�éoNþ�Ó�­�.
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5 R^�¥¼êaov()Ò´Äu�å^�
a∑

i=1
αi = 0. -

α1 = −α2 − · · · − αa, β−1 = (µ, α2, α3, · · · , αa)′

�{�.(ò�å^��\�.¤�)

y = X∗β−1 + e,

Ù¥

X∗ =


1n1 −1n1 −1n1 · · · −1n1

1n2 1n2 0 · · · 0
...

...
...

...

1na−1 0 0 · · · 1na−1

 �÷�
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ü�©a�.

5 ü�©a�.ÃØ3\�>.�å^�
∑a

i=1
ni
Nαi = 0�´Ã\

�ü«>.�å^�
∑a

i=1 αi = 0e,½n7.1.1Ñ¤á.

Ï��Aéì�u�ü�þ�éì,d
a∑

i=1

ci = 0á�

a∑
i=1

ciαi =

a∑
i=1

ci(αi + µ) =

a∑
i=1

ciµi.

5 ü«½Âe�µµ
a∑

i=1

ni

N
µi Ú

a∑
i=1

1
a
µi,§��BLU�O©O�

a∑
i=1

ni

N
ȳi· = ȳ··,

a∑
i=1

1
a

ȳi·.

Ç�_ (BJUT) Chap7µ��©Û�. 11 / 121



b�u�

�	ÏfA�a�Y²�A´ÄkwÍ�É,=u�b�

H0µ α1 = α2 = · · · = αa.

�du

H0µ α1 − αa = α2 − αa = · · · = αa−1 − αa = 0.

Ù¥, αi − αa (i = 1, · · · , a− 1)���.

eH0�ý,K�{�.�

yij = µ+ eij, i = 1, 2, · · · , a, j = 1, 2, · · · , ni. (2.4)
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3H0e, µ��åLS�O�

µ̂H0
= y··,

�.�£8²�Ú�í�²�Ú

RSS(µ) = Ny2
··, SSHe =

a∑
i=1

ni∑
j=1

(yij − y··)
2 = SST(o²�Ú).

H0Ø¤á�, µi�LS�O�

µ̂i = yi·, i = 1, · · · , a,

�.�£8²�Ú�í�²�Ú

RSS(µ,α) =
a∑

i=1

y2
i·/ni, SSe =

a∑
i=1

ni∑
j=1

(yij − yi·)
2.
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b�u�

ÏfA�²�Ú

SSA =RSS(µ, α)− RSS(µ) =

a∑
i=1

ni(yi· − y··)
2.

²�Ú©)µSST = SSA + SSe.

u�b�H0�FÚOþ

F =
SSA/(a− 1)

SSe/(N − 1)
=

MSA

MSe
, (2.5)

Ù¥MSA = SSA/(a − 1), MSe = SSe/(N − a)©O�ÏfAÚØ

��þ�.�H0�ý�, F ∼ Fa−1,N−a.
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Table: üÏ���©ÛL

��
 gdÝ ²�Ú þ� F�

|m�(ÏfA) a− 1 SSA MSA = SSA/(a− 1) F =
MSA

MSe
|S�(Ø�) N − a SSe MSe = SSe/(N − a)

oÚ N − 1 SST = SSA + SSe
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Y~©Û

~7.1.1
�
�	�Öéù4«�C�Y�UO§Ý, ò`!¶ª�C�21,

¯!Zª�C�31, �101�Å/©�10[ ¬ûA��1Á

�, *	§���Èþ. ÀJ�ù10[ ¬A¤?/ã��u§

Ý!ûA�5�!0J2wÒI�Ù�Ñ��. ¯�wÍ5Y²

�α = 0.05�,�Öé4«�C�ª�UO§Ý´ÄkwÍ�É.

�C�ª �Èþyij yi· y2
i·

` 12 18 30 900
¯ 14 17 13 44 1936
Z 19 17 21 57 3249
¶ 24 30 54 2916
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Y~©Û

) �A1, A2, A3,A4,©O´`!¯!Z!¶4«�C.

o«�Ce�0J�ÈþÑ:ã

10
15

20
25

30

包装方式

销
售
量

 

甲 乙 丙 丁
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Y~©Û

æ^ü�©a�.5©Û.∑
i

∑
j

y2
ij = (12)2 + (18)2 + · · ·+ (30)2 = 3689,

y·· =
∑

i

∑
j

yij = 12 + 18 + · · ·+ 30 = 185,

SST = 266.5, SSe = 52.67, SSA = 213.83.u´

F =
SSA/3
SSe/6

≈ 71.28
8.78

≈ 8.12.

3wÍ5Y²α = 0.05e,duP� = P(F3,6 > 8.12) = 0.0156 <

α = 0.05 ½F3,6(0.05) = 4.76 < 8.12, ¤±�@��Ö�é0J

�4«�C�ª�UO§ÝkwÍ�É.
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Y~©Û

ò±þ©Û(J®o���©ÛLµ

Table: 0J�Èþêâ���©ÛL

��
 gdÝ ²�Ú þ� F� P�

|m�(ÏfA) 3 213.83 71.28 8.12 0.0156 *

|S�(Ø�) 6 52.67 8.78

oÚ 9 304

§S

x <- c(12,18,14,17,13,19,17,21,24,30)

A <- factor(c(rep(1,2),rep(2,3),rep(3,3),rep(4,2)))Ïf�O


X.aov <- aov(x ∼ A)
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Ó��&«m

eH0 : α1 = · · · = αa �áý, K�@�ÏfA�a�Y²��A

Ø���. �e5I�	=
�AØ��º

�ÏLéαi − αj (i 6= j)�Ó��&«m5�ä.

�Ä?¿m�éì
∑

i c(k)i αi (k = 1, · · · ,m)�Ó��&«m.

½ÂµÆ)z4�©Ù

�Z1,Z2, · · · ,Zn ∼ N(0, 1),mW2 ∼ χ2
m, �¤kù
�ÅCþÑ�p

Õá, K¡�ÅCþqn,m = max Zi−min Zi
W �©Ù�ëê�n,m�Æ)z

4�©Ù(studentized range distribution).

P§�þýα© :�qn,m(α).
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Ó��&«m

~�n«Ó��&«mµ

Bonferroni«m ( m�éì
∑

i c(k)
i αi (k = 1, · · · ,m) )

∑
i

c(k)
i yi· ± tN−a

( α
2m

)
σ̂

√∑
i

(c(k)
i )2/ni, k = 1, 2, · · · ,m.

Scheffé«m (¤kéì
∑

i ciαi,
∑

i ci = 0 )

∑
i

ciyi· ± σ̂
√

(a− 1)Fa−1,N−a (α)
∑

i

c2
i

ni
,

Tukey{«m (¤kéì,²ïêâni = n)∑
i

ciyi· ± qa,a(n−1)(α)
σ̂

2
√

n

∑
i

|ci|.
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AO/,

m�αi − αj (i 6= j)��&Xê�1− α�BonferroniÓ��&«m

yi· − yj· ± tN−a

( α
2m

)
σ̂

√
1
ni

+
1
ni

¤kαi − αj (i 6= j)��&Xê�1− α�SchefféÓ��&«m

yi· − yj· ± σ̂
√

(a− 1)Fa−1,N−a (α)
∑

i

c2
i

ni

¤kαi − αj (i 6= j)��&Xê�1− α�TukeyÓ��&«m

yi· − yj· ± qa,N−a(α)
σ̂√
n

¤küü�A��kC2
a «£�ÑÎÒ¤
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Ó��&«m'�

é²ïü�©a�.,=ni = n (i = 1, · · · , a),·�rBonferroniÓ

��&«m!TukeyÓ��&«mÚSchefféÓ��&«m��

¥%Ñ�Ó,«m��Ý©O�

2σ̂√
n

tN−a

( α
2m

)√∑
i

ci
2,

σ̂√
n

qa,a(n−1)(α)
∑

i

|ci|,

2σ̂√
n

√
(a− 1)Fa−1,a(n−1) (α)

∑
i

c2
i ,

u´«máö�Ð.
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Ó��&«m�Y~©Û

~7.1.2
,ü ï�Ñ�«£�ÞÛ�#�, yrd#��Ci��ÚS¤

J(¿Ø´ý���, 
´)níY!Ä:0J�)�'�. *ÿ��

¾<Ñ��ÞØÛ¤±Y��m. êâU��¬«�\eL.

Table: ±Y��mL

��¬« *ÿ�yij ni yi·
S¤J 0.0, 1.0 2 0.5
#� 2.3, 3.5, 2.8, 2.5 4 2.775
Ci�� 3.1, 2.7, 3.8 3 3.2
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Ó��&«m�Y~©Û

Table: êâ��©ÛL

��
 gdÝ ²�Ú þ � F� P�

|m� 2 9.701 4.851 14.94 0.00467

|S�(Ø�) 6 1.948 0.325

oÚ 8 11.649

R§S

x <- c(0.0,1.0,2.3,3.5,2.8,2.5,3.1,2.7,3.8)

A <- factor(c(rep(1,2),rep(2,4),rep(3,3)))

X.aov <- aov(x∼A)

summary(X.aov)
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Ó��&«m�Y~©Û

�wÍ5Y²α = 0.05,Ï�

P(F2,6 > 14.94) = 0.00467 < 0.05 (½F2,6 = 5.14 < F = 14.94 ),

¤±áý�b�,@�n«��kwÍ�É.

�#��S¤J, #��Ci����A��αi − αj, (i > j)

�Ó��&«m. Ï�ù�~f´�²ï�., ¤±ØUA

^Tukey�{�EÓ��&«m. ·�ÄkO�

t6

(
0.05
2× 3

)
σ̂

(
1
3

+
1
4

)
= 1.430,

σ̂

(
2F2,6 (0.05)

(
1
3

+
1
4

))1/2

= 1.396.
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Ó��&«m�Y~©Û

α3 − α2, α3 − α1 Úα2 − α1��&Xê�95%�Ó��&«m

BonferroniÓ��&«m

[−1.005, 1.855], [0.990, 4.410], [0.653, 3.897].

SchefféÓ��&«m

[−0.971, 1.821], [1.032, 4.368], [0.693, 3.857].

éuù
(J·��±��Xe(Ø:

dd�@�#�'S¤JwÍk�(�&«mØ�¹0),�#��

Ci�����ÃwÍ�É(�&«mØ�¹0).

éù�~f, lBonferroni«mÚScheffé «m¤�Ñ�(Ø�

�,�Bonferroni«m'Scheffé«m��.
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ü�©a�.(Ã�p�A)

3¤kÙ¦ÏfÑ?u����G�e,ïÄÏfAÚB��Y²éÏC
þY�K�.

ü�©a�.(Ã�p)

yij = µ+ αi + βj + eij, i = 1, · · · , a, j = 1, · · · , b, (2.6)

÷v�å^�µ
a∑

i=1
αi = 0,

b∑
j=1

βj = 0,

b�ÏfAka�Y²: A1, · · · ,Aa,ÏfBkb�Y²: B1, · · · ,Bb.

yij�3AiÚBjY²eÁ��*ÿ�.

αiÚβj©OL«Y²AiÚBj��A, µL«o²þ,

b�eij ∼ N(0, σ2),��pÕá.
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ü�©a�.(Ã�p)Ý
L�

y = Xγ + e,ùp, e ∼ Nn(0, σ2In),

y = (y11, y12, · · · , y1b, y21, · · · , y2b, · · · , ya1, ya2, · · · , yab)′,

γ = (µ, α1, α2, · · · , αa, β1, β2, · · · , βb)′,

e = (e11, e12, · · · , e1b, e21, · · · , e2b, · · · , ea1, ea2, · · · , eab)′,

X =


1b 1b Ib

1b 1b Ib
...

. . .
...

1b 1b Ib

 = (1ab, Ia ⊗ 1b, 1a ⊗ Ib),

Ù¥⊗L«Ý
�Kronecker¦È, rk(X) = a + b− 1 <�ê
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ëê�O

k�Ñëê��|LS),2L�¤k��¼ê.

�K�§X′Xγ = X′y�

abµ+ b
a∑

i=1
αi + a

b∑
j=1

βj = y··,

bµ+ bαi +
b∑

j=1
βj = yi·, i = 1, · · · , a,

aµ+
a∑

i=1
αi + aβj = y·j, j = 1, · · · , b,

(2.7)

Ù¥y·· =
∑a

i=1
∑b

j=1 yij, yi· =
∑b

j=1 yij, y·j =
∑a

i=1 yij.

�§�ê�a + b− 1�§
��ëêka + b + 1�.
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ëê�O

Ú?Xe>.^�

a∑
i=1

αi = 0,
b∑

j=1

βj = 0. (2.8)

rùü�^�\\��§|(7.2.3)¥. �K�§|C�
abµ = y··,

bµ+ bαi = yi·, i = 1, · · · , a,

aµ+ aβj = y·j, j = 1, · · · , b.

(2.9)
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ëê�O

)��|LS)£ØU`LS�O,Ï�αi ÚβjØ��¤

µ̂ =
1
ab

y··
4
= y··,

α̂i =
1
b

yi· − µ̂ = yi· − y··, i = 1, · · · , a,

β̂j =
1
a

y·j − µ̂ = y·j − y··, j = 1, · · · , b.

a,��´©O'�ÏfAÚB�Y²��A,/X

a∑
i=1

ciαi Ú
b∑

j=1

djβj,

Ù¥
∑a

i=1 ci = 0,
∑a

j=1 di = 0��5|Ü���¿�^� .
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�Ïf�A�éì��O

½n7.2.1
éuü�©a�.(7.2.1),

(1)
∑a

i=1 ciαi����=�
∑a

i=1 ci = 0,=
∑a

i=1 ciαi´��éì,ù

�,§�BLU�O�
∑a

i=1 ciyi·;

(2)
∑b

j=1 djβj ����=�
∑b

j=1 dj = 0,=
∑b

j=1 djβj��éì,ù�,

§�BLU�O�
∑b

j=1 diβ̂j =
∑b

j=1 djy·j.

?¿αi − αi′ , βj − βj ′ Ñ��,§��BLU�O©O�

α̂i − α̂i′ = yi· − yi′·, β̂j − β̂j ′ = y·j − y·j ′
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ÏfwÍ5u�

éuü�©a�.,ü�Ì�a,��¯K´�Ä

ÏfA�a�Y²�A´ÄkwÍ�É,=u�b�

H01 : α1 = α2 = · · · = αa, (2.10)

ÏfB�b�Y²��A´ÄkwÍ�É,=u�b�

H02 : β1 = β2 = · · · = βb. (2.11)

H01 ¤á,�.C¤ü�©a�.

yij = µ+ βj + eij, i = 1, · · · , a, j = 1, · · · , b,

H02 ¤á,�.C¤ü�©a�.

yij = µ+ αi + eij, i = 1, · · · , a, j = 1, · · · , b
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ÏfwÍ5u�

�â5.1!,ü�©a�.(7.2.1)�£8²�Ú

RSS(µ, α,β) =
y2
··

ab
+

(
a∑

i=1

y2
i·
b
− y2

··
ab

)
+

 b∑
j=1

y2
·j
a
− y2

··
ab

 .

í�²�Ú�

SSe = y′y− RSS(µ, α,β) =

a∑
i=1

b∑
j=1

(yij − yi· − y·j + y··)
2.

eH01�ý,�{�.yij = µ+ βj + eij �£8²�Ú

RSS(µ,β) =
y2
··

ab
+

 b∑
j=1

y2
·j
a
− y2

··
ab

 .
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ÏfwÍ5u�

eH01�ý,ÏfA�²�Ú�

SSA = RSS(µ, α,β)− RSS(µ,β) =

a∑
i=1

b∑
j=1

(yi· − y··)
2

u�b�H01�FÚOþ�

F1 =
SSA/(a− 1)

SSe/(a− 1)(b− 1)
=

MSA

MSe
. (2.12)

�H01�ý�, F1 ∼ Fa−1,(a−1)(b−1).
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ÏfwÍ5u�

eH02�ý,ÏfB�²�Ú�

SSB =

b∑
j=1

y2
·j
a
− y2

··
ab

=

a∑
i=1

b∑
j=1

(y·j − y··)
2.

u�b�H02�FÚOþ�

F2 =
SSB/(b− 1)

SSe/(a− 1)(b− 1)
=

MSB

MSe
.

�H02�ý�, F2 ∼ Fb−1,(a−1)(b−1).

äN�O��±dR�ó¥���©Û¼êaov()����.
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ü�©a�.(Ã�p)

Table: Ã­EÁ�Ã�p�AüÏ���©ÛL

��
 gdÝ ²�Ú þ � F�

ÏfA a− 1 SSA MSA = SSA/(a− 1) F1 =
MSA

MSe

ÏfB b− 1 SSB MSB = SSB/(b− 1) F2 =
MSB

MSe
Ø� (a− 1)(b− 1) SSe MSe = SSe/(a− 1)(b− 1)

oÚ ab− 1 SST = SSA + SSB + SSe
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ü�©a�.(Ã�p)

~7.2.1
�«»�¦^
o«-�!n«í?ì?1�§Á�. éuz«-

��í?ì�|Ü��gÁ�,���Á�êâ�eL,¯�«-�

�m9�«í?ì�mkÃwÍ�É?

Table: »�Á�êâ

í?ì(B)
B1 B2 B3 yi·

-�(A)

A1 58.2 56.2 65.3 179.7
A2 49.1 54.1 51.6 154.8
A3 60.1 70.9 39.2 170.2
A4 75.8 58.2 48.7 182.7

y·j 243.2 239.4 204.8
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~7.2.1

O��4«-��g�»��§��þ�:

(ȳ1·, ȳ2·, ȳ3·, ȳ4·) = (59.900, 51.600, 56.733, 60.900)

Ú3«í?ì�g�»��§��þ�µ

(ȳ·1, ȳ·2, ȳ·3) = (60.80, 59.85, 51.20).

50
52

54
56

58
60

62

 

 

A1 A2 A3 A4

yi.

50
52
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60

62

 

 

B1 B2 B3

y.j
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~7.2.1

3wÍ5Y²�α = 0.05eu�b�

H01 : α1 = α2 = α3 = α4,

H02 : β1 = β2 = β3.

��©ÛO�(Jµ

Table: »�êâ��©ÛL

��
 gdÝ ²�Ú þ � F � P�
ÏfA 3 157.6 52.53 F1 = 0.431 0.739
ÏfB 2 223.8 111.92 F2 = 0.917 0.449
Ø� 6 732.0 122.00
oÚ 11 1113.4
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ÏfAéA�Fu��P�=0.739 > 0.05½

F3,6(0.05) = 4.76 > F1 = 0.431,

�ÉH01,@�o«-�é»��§ÃwÍK�.

ÏfBéA�Fu��P�=0.449 > 0.05 £½F2,6(0.05) = 5.14 > F2 =

0.917¤,�ÉH02.

nÜü�u��(J, ·��±@��«-�Ú�«í?ì�m��Éé»

��§ÃwÍK�.

duT~�²ïêâ,�^R�ó¥���©Û¼êaov()§§SXe

y <- c(58.2,56.2,65.3,49.1,54.1,51.6,60.1,70.9,39.2,75.8,58.2,48.7)

A <- factor(gl(4,3,12)); B <- factor(gl(3,1,12))

y.aov <- aov(y∼A+B)

summary(y.aov)
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Ó��&«m

XJ²Fu�, b�H01�áý, KL²ÏfA �a �Y²��A

Ø���. Úü�©a�.��,ù�·�F"�Eéìαi − αi′

�Ó��&«m.

XJH02 �áý, KL²ÏfB �b �Y²��AØ���, u

´�Eéìβj − βj ′ �Ó��&«m.

üö�Eaq§�0��«.

¤k/Xαi − αi′ , i 6= i′ �éìka− 1��5Ã'.
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Ó��&«m

?¿m�αi − αi′ , i 6= i′ ��&Xê�1− α�Ó��&«m

BonferroniÓ��&«m:

(yi· − yi′·)± t(a−1)(b−1)

( α
2m

)
σ̂

√
2
b
.

SchefféÓ��&«m:

(yi· − yi′·)± σ̂

√
(a− 1)Fa−1,(a−1)(b−1)(α)

(
2
b

)
.

TukeyÓ��&«m:

(yi· − yi′·)± qa,(a−1)(b−1) (α)
σ̂√
b
.
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~7.2.2
�
�	p§Ü7¥%�¹þ(ÏfA)ÚI�¾�¹þ�

Ú(ÏfB)éÜ7rÝ�K�. ÏfA�3 �Y²0.03, 0.04, 0.05 (þ

ãêiL«%�¹þÓÜ7oþ�z©'), ÏfB�4�Y

²3.3, 3.4, 3.5, 3.6 (þãêi¿ÂÓþ). 3z�Y²|Üe��

�gÁ�,Á�(JXL7.2.4¤«

Table: Ü7rÝÁ�êâ

BI�¾�¹þ�Ú
3.3 3.4 3.5 3.5 yi·

% 0.03 63.1 63.9 65.6 66.8 259.4
¹ 0.04 65.1 66.4 67.8 69.0 268.3
þ 0.05 67.2 71.0 71.9 73.5 283.6

y·j 195.4 201.3 205.3 209.3
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) O����©Û(JXeµ

Table: ��©ÛL

��
 gdÝ ²�Ú þ� F� P�

ÏfA 2 74.91 37.46 F1 = 70.05 6.93e-05***

ÏfB 3 35.17 11.72 F2 = 21.92 0.00124**

Ø� 6 3.21 0.535

oÚ 11 113.29

�wÍ5Y²α = 0.05 �, üÏféA�Fu��P�Ñ���

u0.05, �ÏfA�3�Y²�mÚÏfB�4�Y²�méÜ7

rÝ�K�ÑkwÍ�É.
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Ó��&«m§S

�EÓ��&«m.

O�TukeyÓ��&«m. �A§SXe:
y <- c(63.1,63.9,65.6,66.8,65.1,66.4,67.8,69.0,67.2,71.0,71.9,73.5)

A <- factor(gl(3,4,12)); B <- factor(gl(4,1,12))

y.aov <- aov(y∼A+B)

TukeyHSD(y.aov)

TukeyHSD(y.aov,"A", ordered = TRUE)

plot(TukeyHSD(y.aov, "A"), las = 1)

TukeyHSD(y.aov, "B", ordered = TRUE)

plot(TukeyHSD(y.aov,"B"), las = 1)
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��ÏfAÚB�g�Y²méì�95%�TukeyÓ��&«m

1 2 3 4 5 6 7

3−
2

3−
1

2−
1

95% family−wise confidence level

Differences in mean levels of A

0 2 4 6

4−3

4−2

3−2

4−1

3−1

2−1

95% family−wise confidence level

Differences in mean levels of B

lã�±uyÏfB��Aβ1Úβ2, β2Úβ3 9β3Úβ4 ����

&«m�¹0:,�ùné�AØ�3wÍ�É.

^Bonferroni9SchefféÓ��&«mO�, Ø
«mØÓ	, �

����(ØÚTukey�{��.
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Tukey�\5u�

�éz�ü�=k�g*ÿ��©Û�., Tukey (1949)JÑ
�«u

��p�A��{.

�
��5,b�üÌ�A��p�A�γij,÷vXe'X:

γij = Dαiβj,

Ù¥D´��~ê. ü�©a�.�L«�

yij = µ+ αi + βj + Dαiβj + eij, i = 1, · · · , a, j = 1, · · · , b.

u´ü�Ì�A´Ä�3�p�A¯K�duu�

H0 : D = 0←→ H1 : D 6= 0.
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Tukey�\5u�

�p�A²�Ú£æ^üÚ�O�{¤

SSAB =
[
∑a

i=1
∑b

j=1(ȳi· − ȳ··)(ȳ·j − ȳ··)yij]
2∑a

i=1(ȳi· − ȳ··)2
∑b

j=1(ȳ·j − ȳ··)2
.

�A�í�²�ÚSSe = SST − SSA − SSB − SSAB,

F ÚOþ

F =
SSAB

SSe/(ab− a− b)
.

�H0¤á�, F��u�����, �§���, Ò��½H1¤

á. áý�Cq�F > F1,ab−a−b(α).

ù�u��¡�Tukey��\5u�½TukeyügdÝu�.
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~7.2.3
�	~7.2.1¥-��í?ìé»��§´Ä�3�p�A.

) �~¥, a = 4, b = 3. O�

SSA = 3
a∑

i=1

(ȳi.− ȳ..)2 = 157.590, SSB = a
b∑

j=1

(ȳ.j− ȳ..)2 = 223.847,

SSAB =
3× 4× 234.7342

157.590× 223.847
= 18.744,

SSe = 1113.417− 157.590− 223.847− 18.744 = 713.236.

�u�ÚOþ

F =
SSAB

SSe/(ab− a− b)
= 0.131 < F1,5(0.05) = 6.608,

Ïd@�»��§ïÄ¥-��í?ì��p�AØwÍ.
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ü�©a�.(�p�A�3)

ü�©a�.¥,�©Û�p�A,I3��Y²|Üe�­EÁ�.

ü�©a�.(�p�A�3)

yijk = µ+ αi + βj + γij + eijk, (7.3.1)

i = 1, · · · , a, j = 1, · · · , b, k = 1, · · · , c,

Ù¥γij�Y²Ai ÚBj��p�A.

�.��ëê�ê�(a + b + ab + 1).

�O
X��rk(X) = ab <�êa + b + ab + 1.

�¦�LS)��,I�N\a + b + 1�Õá�å^�.
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ü�©a�.(�p�A�3)

½n7.3.1
k�p�A�ü�©a�.(7.3.1),e�ab�¼ê�¤
4��5Ã

'���¼ê|

αi − αi+1 + γi· − γ(i+1)·, i = 1, · · · , a− 1,

βj − βj+1 + γ·j − γ·(j+1), j = 1, · · · , b− 1,

δij
4
= γij − γi· − γ·j + γ·· , i = 1, · · · , a− 1, j = 1, · · · , b− 1,

µ+
1
a

a∑
i=1

αi +
1
b

b∑
j=1

βj + γ··.
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ü�©a�.(�p�A�3)

l'Xªµij = µ+ αi + βj + γij�±wÑµ

�δij 6= 0�, αi¿ØU�NÏfY²Ai�`�. Ï�ÏfY

²Ai�`���ÏfB�Y²k'. ��¼ê

µi· = µ+ αi +
1
b

b∑
j=1

βj + γi·

Ú

µ(i+1)· − µ(i)· = αi+1 − αi + γ(i+1)· − γ(i+1)·.

´3ÏfB�ÃY²¦²þ�¿Âe, ©OéÏfY²Ai`��

ÝþÚéY²Ai+1ÚAi ��A�É�Ýþ.
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ü�©a�.(�p�A�3)

e�ëê>.^�µ
a∑

i=1

αi = 0,
b∑

j=1

βj = 0,

a∑
i=1

γij = 0, j = 1, · · · , b,
b∑

j=1
γij = 0, i = 1, · · · , a.

5 þ>.^��ka + b + 1�Õá^�(Ï�
a∑

i=1

b∑
j=1

γij = 0).

�ëêµ, αi, βj, γij��|A½�LS)µ

µ̂ = y··· ,

α̂i = yi·· − y···, i = 1, · · · , a,
β̂j = y· j· − y···, j = 1, · · · , b,
γ̂ij = yij · − yi·· − y·j · + y···, i = 1, · · · , a, j = 1, · · · , b.

Ç�_ (BJUT) Chap7µ��©Û�. 55 / 121



ü�©a�.(�p�A�3)

3ëê�å^�e,

δij = γij �p�A.

eδij = 0,�.Òz�Ã�p�A�ü�©a�..

ù�`²
δij Ýþ
AiÚBj��p�A.

e�ab�¼ê�¤
4��5Ã'���¼ê|

µ

αi − αi+1, i = 1, · · · , a− 1,

βj − βj+1, j = 1, · · · , b− 1,

γij, i = 1, · · · , a− 1, j = 1, · · · , b− 1
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b�u�

ék�p�A�ü�©a�.,üXu�α1 = · · · = αa = 0�u

�β1 = · · · = βb = 0Ñvk¢S¿Â.

��­��u�¯K´�p�A´Ä�3. u�b�µ

γij = 0, i = 1, 2, · · · , a, j = 1, 2, · · · , b.

�γijØ��. �±U�u����d�b�

H01: δij = 0, i = 1, 2, · · · , a, j = 1, 2, · · · , b.
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�p�A�wÍ5u�

ü�©a�.(�p�A�3)e,£8²�Ú�

RSS(µ,α,β,γ) = c
a∑

i=1

b∑
j=1

ȳ2
ij ·

í�²�Ú�

SSe =

a∑
i=1

b∑
j=1

c∑
k=1

y2
ijk − RSS(µ, α, , γ)

=

a∑
i=1

b∑
j=1

c∑
k=1

(yijk − yij ·)
2
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�p�A�wÍ5u�

3b�H01e,£8²�Ú�

RSS(µ,α,β) =
y2
···

abc
+

(
a∑

i=1

y2
i··

bc
− y2

···
abc

)
+

 b∑
j=1

y2
·j ·
ac
− y2

···
abc

 .

�p�A²�Ú

SSAB = RSS(µ,α,β,γ)− RSS(µ,α,β)

=

a∑
i=1

b∑
j=1

c(yij · − yi·· − y·j· + y···)
2
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�p�A�wÍ5u�

u�b�H01�FÚOþ�

FAB =
SSH01/[(a− 1)(b− 1)]

SSe/[ab(c− 1)]
=

SSAB/[(a− 1)(b− 1)]

SSe/[ab(c− 1)]
. (3.1)

�H01¤á�,

FA×B ∼ F(a−1)(b−1),ab(c−1).

é�½�wÍ5Y²α,e

FAB < F(a−1)(b−1),ab(c−1)(α),

K·�@�ÏfA�ÏfB��p�AØ�3. ù�Ò�±£

�7.2!SN�u�ÏfAÚB��Y²�A��É.
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ÌÏf�A�wÍ5u�

e�p�A��3, αi¿ØU�NÏfY²Ai�`�, ù´Ï�

ÏfY²Ai�`���ÏfB�Y²k'. �Uò
¦Ùg, ?

ØXeü�b�µ

3ÏfB�²þY²¿Âe,'�ÏfA�ÃY²`�,=u�

H02 : α1 + γi· = · · · = αa + γa·;

3ÏfA�²þY²¿Âe,'�ÏfB�ÃY²`�,=u�

H03 : β1 + γ·1 = · · · = βa + γ·b
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ÌÏf�A�wÍ5u�

H02 : α1 + γi· = · · · = αa + γa· �u�ÚOþ

FA =
SSH02/(a− 1)

SSe/ab(c− 1)
=

SSA/(a− 1)

SSe/ab(c− 1)
.

eH2�ý, FA ∼ Fa−1,ab(c−1).

H03 : β1 + γ·1 = · · · = βa + γ·b�u�ÚOþ

FB =
SSH03/(b− 1)

SSe/ab(c− 1)
=

SSB/(b− 1)

SSe/ab(c− 1)
.

eH3�ý, FB ∼ Fb−1,ab(c−1).

ùpSSA =
a∑

i=1

b∑
j=1

c∑
k=1

(yi·· − y···)
2, SSB

a∑
i=1

b∑
j=1

c∑
k=1

(y·j · − y···)
2.
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Table: k�p�AüÏ���©ÛL

��
 gdÝ ²�Ú þ� F�

ÏfA a− 1 SSA MSA = SSA/(a− 1) FA =
MSA

MSe

ÏfB b− 1 SSB MSB = SSB/(b− 1) FB =
MSB

MSe
�p�A
(A× B) (a− 1)(b− 1) SSAB MSAB =

SSAB

(a− 1)(b− 1)
FAB =

MSAB

MSe
Ø� ab(c− 1) SSe MSe = SSe/ab(c− 1)

oÚ abc− 1
∑

i,j,k(yijk − y···)2/abc
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~7.3.1
�
�	,«>³���ÑÑ>ØÉ�4á��¦^>³��¸

§Ý�K�, á�a.(ÏfA)�3�Y²(=3«ØÓ�á�), §Ý�
�3�Y²,z�Y²|Üe­E4gÁ�. >³Á�êâXe

§Ý B
B1 (15◦) B2 (25◦) B3 (35◦) yi··

130 155 34 40 20 70
A1 174 180 80 75 82 58 1098

á (639) (229) (230)
� 150 188 136 122 25 70
a A2 159 126 106 115 58 45 1300
. (623) (479) (198)
A 138 110 174 120 96 104

A3 168 160 150 139 82 60 1501
(576) (583) (342)

y·j · 1838 1291 770 3899 = y···
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��©ÛL

>³Á�êâ���©ÛL

��
 gdÝ ²�Ú þ � F� P�

ÏfA 2 6767.06 3383.53 FA = 6.727 0.004261

ÏfB 2 47535.39 23767.70 FB = 47.253 1.52e-09
�p�A
(A× B) 4 13180.44 3295.11 FAB = 6.551 0.000807

Ø� 27 13580.75 502.99

oÚ 35 81063.64

duF2,27(0.05) = 3.35, F4,27(0.05) = 2.73, ¤±ÏfA!ÏfB

±9�p�AA× B3wÍ5Y²α = 0.05eÑ´wÍ�.
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§S

y <- c(130,155,174,180,34,40,80,75, 20,70,82,58,150,188,

159,126, 136,122,106,115, 25,70,58,45,138,110,168,

160,174,120,150,139,96,104,82,60)

A <- factor(gl(3,12,36))

B <- factor(gl(3,4,36))

y.aov <- aov(y∼A+B+A:B)

summary(y.aov)

51 éu�²ïü�©a�.(nijØ��Ó),��¼ê�L�9u�

ÚOþÒvk±þ{'/ª.
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�²ïêâe�íä

�²ïêâÑy�~��Ï:

(1)3*	5ïÄ¥Ï~é�½��Ã{��ü���þ.

(2)3Á�5ïÄ¥�¬���ü���þØ���¹( XP¹¢

�).

(3) ÃØ´*	5ïÄ�´Á�5ïÄ§ïÄöÑ�U3Á�

¤��$�?nü�æ��õ§¤�p�ü�æ���.

~X, �[�C ¬�EûF"ÿþÙ@ê�Ô ¬¥��0óU�$9þ

Y�J£ÏfA¤é�¤ö�¬µd�K�. na�¤ö£Ï�Bµ�Ö!¤

cå5Ú¤cI5¤�@�´­��. â
),�60%��¤ö´�Ö§20%

´¤cI5§20% ´¤cå5. Ïd, U'~Ä����­���¤ö+N

Jø�p�°(Ý.
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�²ïêâe�íä

�²ïêâeü�©a�.

yijk = µ+αi+βj+γij+eijk, i = 1, · · · , a, j = 1, · · · , b, k = 1, · · · , nij,

(3.2)

ùpnijØ���(nij > 0).

���¦�K�§|Ø2{ü´)

�Ïf�A²�ÚØ2Õá

§��ÚØ2�uoC�²�Ú
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J[Cþ{

3ëê>.�å^�e,

αa = −
a−1∑
i=1

αi, βb = −
b−1∑
j=1

βj, γib = −
b−1∑
j=1

γij, γaj = −
a−1∑
i=1

γij.

�
L«�.�£8�,·�Ú\J[Cþ,

Aijkg =


1, i = g,

−1, i = a,

0, i 6= l, a,

g = 1, · · · , a− 1,

Bijkh =


1, j = h,

−1, j = b,

0, j 6= h, b,

h = 1, · · · , b− 1.
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J[Cþ{

3>.�å^�eþ��©Û�.�du�{£8�.

yijk = µ+

a−1∑
g=1

Aijkgαg +

b−1∑
h=1

Bijkhβh +

a−1∑
g=1

b−1∑
h=1

AijkgBijkhγgh + eijk,

Ù¥��£8ëê�ê�1+(a−1)+(b−1)+(a−1)(b−1) = ab§

�±þab�ëê���. P

SSe ���.�í�²�Ú;

SSe(A)��.yijk = µ+
a−1∑
g=1

Aijkgαg + eijk�í�²�Ú;

SSe(A,B)��.yijk = µ+
a−1∑
g=1

Aijkgαg +
b−1∑
h=1

Bijkhβh + eijk�í�²�Ú;

SSe(AB)��.yijk = µ+
a−1∑
i=1

b−1∑
i=1

AijkBijkγij + eijk�í�²�Ú;

SSe(A,AB)��KBÏf( SSe(B,AB)��KAÏf)��í�²�Ú.
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�²ïêâe��©Û¥²�Ú

�²ïêâe��©Û¥²�Ún«a.½Âµ

Ia.(S0.)¶IIa.(©�.)¶IIIa.(>..)

Ia.(S0.)

Äk,¦Aéy�K�,-ÏfA�²�Ú�

R(α|µ) = SS(A) = SST − SSe(A) =

a∑
i=1

ni·(ȳi·· − ȳ···)2;

Ùg,��A§¦Béy�K�,-ÏfB�N�²�Ú�

R(β|µ,α) = SSe(A)− SSe(A,B);

��,��AÚB�Ì�A,¦A�B��p�Aéy�K�,-

R(γ|µ,α,β) = SSe(A,B)− SSe.
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�²ïêâe��©Û¥²�Ú

R^�¥�aov()%@¦^�´I.²�Ú.

H01 : α1 = α2 = · · · = αa�u�ÚOþ�

F(I)
1 =

R(α|µ)/(a− 1)

SSe/(N − ab)

H02 : β1 = β2 = · · · = βb �u�ÚOþ�

F(I)
2 =

R(β|µ,α)/(b− 1)

SSe/(N − ab)

H03 :¤k�γij = 0�u�ÚOþ�

F3 =
R(γ|µ,α,β)/(a− 1)(b− 1)

SSe/(N − ab)
.
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��©Û�I.²�Ú

éu�²ïêâ�/, I.²�ÚE÷v²�Ú©):

SST = R(α|µ) + R(β|µ,α) + R(γ|µ,α,β) + SSe.

R(α|µ), R(β|µ,α)ÚR(γ|µ,α,β)Ñ�í�²�ÚSSeÕá.

F(I)
1 ÚF(I)

2 �Ø·Ü��H01ÚH02�u�ÚOþ,

(Ï�R(α|µ)ÚR(β|µ,α)�"©Ù´�¥%�χ2).

'u�p�A�wÍ5u�, F3E·Ü��u�ÚOþ.

I.²�Ú·Ü^u²ïêâ��/±9Ø²ïêâü�©a�.�

�/§ù�´R^�¥�¼êaov()�·^��.
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��©Û�II.²�Ú

II.²�Ú£©�.¤

�A�âÓY²½$Y²��A�N�. éÏfA�²�Ú��

âÏfB�N�,-ÙN�²�Ú�

R(α|µ,β) = SSe(B)− SSe(A,B),

'uÏfBN�²�Ú±9A�B��p�A�N�²�Ú�I.

²�Ú�Ó.

II.²�Ú·Ü²ïêâ���©Û�.!Ã�p�A���©Û

�.±9X�5£8�..
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��©Û�III.²�Ú

III.²�Ú£>..¤

-ÏfA!B�N�²�Ú©O�

R(α|µ,β,γ) = SSe(B,AB)− SSe,

R(β|µ,α,γ) = SSe(A,AB)− SSe,

�H01¤á�§N��ÚOþ

F1 =
R(α|µ,β,γ)/(a− 1)

SSe/(N − ab)
∼ F(a−1),(N−ab);

�H02¤á�§N��ÚOþ

F2 =
R(β|µ,α,γ)/(b− 1)

SSe/(N − ab)
∼ F(b−1),(N−ab)

III.²�Ú·^uØ²ïêâe�Ü©��©Û�..
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��©Û¥n«a.²�Ú�½Â

Table: ��©Û¥n«a.²�Ú�½Â

�A²�Ú I.²�Ú II.²�Ú III.²�Ú
A R(α|µ) R(α|µ,β) R(α|µ,β,γ)
B R(β|µ,α) R(β|µ,α) R(β|µ,α,γ)

AB R(γ|µ,α,β) R(γ|µ,α,β) R(γ|µ,α,β)

I.²�Ú��.´/lÃ�k0,ÅÚO\�.

III.²�ÚÑ´^��.�"�,�A��.'�.

²ï�Oe§n«a.�d.

Ø²ï�Oe, III.²�Ú·^u�Ü©�/.
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~7.3.2
�[�KïÄ¥%�)�-�"y!ÿ�?\�SÏ�L��Ö5

�Ü¤)�-�.ïÄ<
é�Ö�5O£Ï�A¤Ú��u�£Ï

�B¤é-�p�)��Ý�K�éa,�. �Ö���u�©�n

aµî­u�Øû!¥Ýu�ØûÚ�Ýu�Øû. z�5O-��

u�|�ÅÄ�3¶�Ö.·�'5��ACþ£Y¤´)�-�£

�Ïm�)��Ý�£�c�~)��Ý�m��É.

Table: )�-�£�Ïm�)��Ý�£�c�~)��Ý��(f�/�)

��u�£Ï�B¤
5O£Ï�A¤ î­u�Øû ¥Ýu�Øû �Ýu�Øû

I 1.4, 2.4, 2.2 2.1, 1.7 0.7, 1.1
å 2.4 2.5, 1.8, 2.0 0.5, 0.9, 1.3
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~7.3.2

3aØÓ��u�eI¯Úå¯�g)�ÇCz���þ�
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~7.3.2

) �Äü�©a�.

yijk = µ+ αi + βj + γij + eijk.

duØ²ïêâ§æ^J[CþAijk1, Bijk1,Bijk2,�£8�.

yijk = µ+ Aijk1α1 + Bijk1β1 + Bijk2β2 + Aijk1Bijk1γ11 + Aijk1Bijk2γ12 + eijk

Py = (1.4, 2.4, 2.2, 2.1, 1.7, 0.7, 1.1, 2.4, 2.5, 1.8, 2.0, 0.5, 0.9, 1.3)′, α1,β1, β2,

γ11,γ12�A�J[Cþ�þ©O�

(1, 1, 1, 1, 1, 1, 1,−1,−1,−1,−1,−1,−1,−1)′
4
= x1,

(1, 1, 1, 0, 0,−1,−1, 1, 0, 0, 0,−1,−1,−1)′
4
= x2,

(0, 0, 0, 1, 1,−1,−1, 0, 1, 1, 1,−1,−1,−1)′
4
= x3,

(1, 1, 1, 0, 0,−1,−1,−1, 0, 0, 0, 1, 1, 1)′
4
= x4,

(0, 0, 0, 1, 1,−1,−1, 0,−1,−1,−1, 1, 1, 1)′
4
= x5.
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~7.3.2

P

X = (114, x1, x2, x3, x4, x5),

θ = (µ, α1, β1, β2, γ11, γ12)′,

e��A�Ø��þ. K�5�.�Ý
/ª�

y = Xθ + e.

��©Û�.e'u�p�A!A!BÌÏf�A�wÍ5u�

¯KÒ=z¤u��5�.�,
£8Xê´Ä�"�¯K.
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~7.3.2

'u�p�A�wÍ5u�. �b�Ú�Jb��du

H0 : γ11 = γ12 = 0←→ H1 : γ11 Úγ11Ø��".

H0¤á,�{�.�

yijk = µ+ Aijk1α1 + Bijk1β1 + Bijk2β2 + eijk. (3.3)

©OO���.Ú�{�.e�LSí�²�Ú,©O�

SSe = y′(I14 − X(X′X)−1X′)y = 1.3000,

SSe(A,B) = y′(I14 − X0(X′0X0)−1X′0)y = 1.3754,

Ù¥X0 = (114, x1, x2, x3). §��gdÝ©O�8Ú10.
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~7.3.2

u´u�ÚOþ

F3 =
(SSe(A,B)− SSe)/(10− 8)

SSe/8
= 0.2321.

3wÍ5Y²α = 0.05e,duF3 = 0.2321 < F2,8(0.05) = 4.46,

Ïd�ÂH0, @��Ö�5O(A) Ú��u�(B) ��p�Aé

-�p�)��Ý�K�ØwÍ.

Tu�ÚOþ�P��0.7980.
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~7.3.2

'uÌÏf�A�wÍ5u�.

u��Ö�5OA ½��u�Bé-�p�)��Ý�K�´

ÄwÍ.�b�Ú�Jb��du

H01 : α1 = 0←→ H11 : α1 6= 0,

H02 : β1 = β2 = 0←→ H12 : β1 Úβ2Ø��".

u´3H01, H02e��A�{�.©O

yijk = µ+ Bijk1β1 + Bijk2β2 + Aijk1Bijk1γ11 + Aijk1Bijk2γ12 + eijk,

‘yijk = µ+ Aijk1α1 + Aijk1Bijk1γ11 + Aijk1Bijk2γ12 + eijk.

Ç�_ (BJUT) Chap7µ��©Û�. 83 / 121



~7.3.2

O��{�.(??)Ú(??)e�LSí�²�Ú,©O�

SSe(B,AB) = y′(I14 − X−A(X′−AX−A)−1X′−A)y = 1.4200,

SSe(A,AB) = y′(I14 − X−B(X′−BX−B)−1X′−B)y = 5.4897,

Ù¥X−A = (114, x2, x3, x4, x5), X−B = (114, x1, x4, x5). §��g

dÝ©O�9Ú10. O�H01ÚH02�u�ÚOþ��

F1 =
SSe(B,AB)− SSe

SSe/8
= 0.7385 < F1,8(0.05) = 5.32,

F2 =
(SSe(A,AB)− SSe)/2

SSe/8
= 12.8914 > F2,8(0.05) = 4.46.
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~7.3.2

Table: )�-�êâ���©Û

��
 gdÝ ²�Ú þ� F� P�
5O(A) 1 0.1200 0.1200 0.7385 0.4152
��u�(B) 2 4.1897 2.0948 12.8914 0.0031
AÚB�p 2 0.0754 0.0377 0.2321 0.7980
í� 8 1.3000 0.1625

Ïd,3wÍ5Y²α = 0.05e§�±@��Ö�5Oé-�p

�)��Ý�K�ØwÍ§��Ö���u�é-�p�)�

�ÝK��wÍ.
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~7.3.2

3��©Û�.�u�¥,��Äku��p�A´ÄwÍ,XJØ

wÍ, K3u�ÌÏf�A�wÍ5����ÄuÃ�p�A��

�©Û�.,l
�Jpu��°Ý.

~7.3.2¥dF3u�(JL²AÚB��p�AØwÍ�, AÚB

�wÍ5u�Ò�Äu�.µ

yijk = µ+ Aijk1α1 + Bijk1β1 + Bijk2β2 + eijk. (3.4)

O�3H01!H02e��A�{�.©O�

yijk = µ+ Bijk1β1 + Bijk2β2 + eijk

yijk = µ+ Aijk1α1 + eijk
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LSí�²�Ú©O�

SS∗e(B) = 1.468, SS∗e(A) = 5.771.

l
O��

R(α|µ,β) = SS∗e(B)− SSe(A,B) = 0.0926

R(β|µ,α) = SS∗e(A)− SSe(A,B) = 4.3960

SS∗e = SS∗e(A,B) = 1.3754

§��gdÝ©O�1, 2, 10. u�ÚOþ��©O�

F∗1 =
R(α|µ,β)

SS∗e/10
= 0.673 < F1,10(0.05) = 4.9646,

F∗2 =
R(β|µ,α)/2

SS∗e/10
= 15.980 > F2,10(0.05) = 4.1028.
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~7.3.2

(JEw«�Ö�5O(A) é-�p�)��Ý�K�Øw

Í§�Ö���u�(B)é-�p�)��ÝkwÍK�.

ØLGØØwÍ��p�A�, ÏfAwÍ5u�ÚOþ

�P���, 
ÏfB�u�ÚOþ�P���, =L²'uÏ

fAÚB�wÍ5u��°ÝJp.

§S

install.packages("car"); library(car)

A<-factor( c(1,1,1, 1,1,1,1,2,2,2, 2,2,2,2) )

B<-factor(c(1,1,1, 2,2,3,3,1,2,2,2,3,3,3))

ylm<- lm(y∼A+B)

Anova(ylm, type=2) ]·^uÃ�p�A
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@©a�.

ü�©a�.,q¡���©a�.,ÏfAÚB�?¿ü�Y²

Ñ�±��.

ü?@©a�.

ÏfA�z�Y²��B�Y²¥,
Y²��.

~X3zóÁ�¥, �'�`, ¯ü«xzJ, Ó���ÀJz«xzJ¤·

A�§Ý.  ØÓ�xzJ¤�¦�§ÝØÓ.XJéxzJ`ÀJ�§Ý

´200◦C, 220◦CÚ240◦C,
éxzJ¯ÀJ�§Ý´150◦C, 170◦CÚ190◦C

·�¡xzJ´�?Ï�,§Ý´�?Ï�.

Ç�_ (BJUT) Chap7µ��©Û�. 89 / 121



@©a�.

ü?@©a�.

yijk = µ+ αi + βj(i) + eijk, i = 1, · · · , a, j = 1, · · · bi, k = 1, · · · , nij,

ùpµ, α, eijk�¿ÂÚ±c?Ø��«�.Ñ�Ó. ¿b½eijk ∼

N(0, σ2),¤keijk�pÕá,�¡βj(i)�Y²Bj(i)��A.

µij = µ+ αi + βj(i) ��.

ëê¼êβj(i) − βj ′(i),é�� i, j 6= j′ Ñ��.

αi − αi′ , i 6= i′ Ø��O.

²ïêâe(bi = b, nij = c), (αi + β·(i))− (αi′ + β·(i′))��
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@©a�.

Äk�Ä�?ÏfÃY²�A´Ä���b�

H01µ β1(i) = · · · = βbi(i), i = 1, · · · , a.

�b�H01¤á�, βj(i)��ik'�jÃ',�P�βi. u´

�{�.�

yijk = µ+ αi + βi + eijk
4
= µ0 + α0

i + eijk,

ùpµ0 = µ, α0
i = αi + βi. ù�ü�©a�.�í�²�Ú

SSHe =

a∑
i=1

bi∑
j=1

nij∑
k=1

(yijk − yi··)
2.

Ç�_ (BJUT) Chap7µ��©Û�. 91 / 121



@©a�.

��.�í�²�Ú

SSe =

a∑
i=1

bi∑
j=1

nij∑
k=1

(yijk − yij·)
2.

ÙgdÝ�un·· − m, m =
∑

i bi.

u�H01�FÚOþ�

F1 =
SSHe − SSe/(m− a)

SSe/(n·· − m)
.

�H1�ý�, F1 ∼ Fm−a, n··−m.
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@©a�.

�?ÏfAÃY²�A��5u�:

H02 : α1 + β·(1) = · · · = αa + β·(a).

Ïα1 = · · · = αa´Ø�u�b�,�3ÏfBÃY²²þ�¿Âe�Ä

�Ä²ïêâ�/(bi = b, nij = c).

eH02¤á, αi + β·(i)�iÃ'.��.��U��

yijk = µ∗ + β∗j(i) + eijk,

Ù¥µ∗ = µ+ αi + β·(i), β∗j(i) = βj(i) − β·(i),÷v
∑b

j=1 β
∗
j(i) = 0.
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@©a�.

A^Lagrange¦f{,�±¦Ñµ∗Úβ∗j(i)��åLS),

µ̂∗ = y···, β̂∗j(i) = yij · − yi··.

ÏfA�Y²e¤k*ÿ��²þéo²þ�C�²�Ú

SSH02 = RSS(µ,α,β)− RSS(µ∗,β∗) =

a∑
i=1

b∑
j=1

c∑
k=1

(yi·· − y···)
2,

ÙgdÝ�a− 1, RSS(µ∗,β∗)��{�.�£8²�Ú.

u�b�H02�FÚOþ

F2 =
SSH02/(a− 1)

SSe/ab(c− 1)
,

�H02�ý�, F2 ∼ Fa−1, ab(c−1).
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@©a�.Y~

~7.4.1
'�`,¯,Z,¶o«xzJ,z«xzJ�¦�§Ý��Ø���Ó.
éz«xzJ,§ÝÑ�
n�Y²(◦C)µ
`(A1): 50, 55, 60, ¯(A2): 70, 80, 90,
Z(A3): 55, 65, 75, ¶(A4): 90, 95, 100,

Table: xzJêâL

xzJ
A1 A2 A3 A4

B1(i) 85, 89 82, 84 65, 61 67, 71
§Ý B2(i) 72, 70 91, 88 59, 62 75, 78

B3(i) 70, 67 85, 83 60, 56 85, 89
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) ²ïêâ,�æ^¼êAOV()�¤O�,§SXeµ

y<-c(85,89,82,84,65,61,67,71,72,70,91,88,59,62,75,78,70,67,

85,83,60,56,85,89)

B<-factor(gl(3,8,24))¶A<-factor(gl(4,2,24))

y.aov<-aov(y∼A/B) ½aov(y∼A+A:B)@(�

summary(y.aov)

Table: ��©ÛL

��
 gdÝ ²�Ú þ � F � P�

xzJA 3 1960.5 653.5 F1 = 122.5 2.89e-09

§Ý(xzJ) B(A) 8 804.0 100.5 F2 = 18.84 1.11e-05

Ø � 12 64.0 5.3

o Ú 23 2828.5
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lL¥�±wÑ,

P(F3,12 > 122.5) = 2.89e− 09, P(F8,12 > 18.84) = 1.11e− 05,

¤±3wÍ5Y²α = 0.01,·�áýü��b�,=@�

éùo«xzJ,§ÝØÓY²��É´wÍ�;

Òn«§Ý²þ`5,o«xzJ��É�Ñ´wÍ�.

?�Ú�ÏL©O�ü|��¼ê

βj(i) − βj′(i) j 6= j′, (αi + β·(i))− (α′i + β·(i′)), i = 1, 2, 3, 4,

�Ó��&«m, t�Ùé�½�xzJ´=
§Ý�mk�

É,±93o«xzJ¥,=
xzJ�mkwÍ��É. (gö)
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Ø���59��à5u�

c¡��©Û�¦*ÿØ��þe÷v

Ã©þ�pÕá;

��5;

��à5(=z�*ÿ������).

Ù¥�pÕá5��N´÷v

��3Á�L§¥�Åz��éÐ�¢y.

Ì�?Ø

Ø����5u�

Ø����à5u�
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Ø���59��à5u�

��5u�

�Äü�©a�.

yij = µ+ αi + eij, i = 1, · · · , a, j = 1, · · · , ni,

ùpÃeij�pÕá, Var(eij) = σ2.

���þniÑ���,�æ^16Ù0��Äuí����u��

�{.

���þ���,ù
�{Ø2·^.

e¡Ì�0��«�é������u��{.

Ç�_ (BJUT) Chap7µ��©Û�. 99 / 121



Ø���5u�

P1iY²e1jg*ÿ�í��

êij = yij − yi·, i = 1, · · · , a, j = 1, · · · , ni.

eeij Ñl��©ÙN(0, σ2),K

E(êij) = 0, Var(êij) =
ni − 1

ni
σ2,

Cov(êij, êi′j ′) =

{
0, i 6= i′,
−σ2/ni, i = i′, j 6= j.

3Ó�Y²eí����Ó�ØÕá; 3ØÓY²eí���Ø�,
��pÕá.
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Ø���5u�

e�Xe�5C�

zil =

√
l

l + 1

1
l

l∑
j=1

êij − êi,l+1

 =

√
l

l + 1

1
l

l∑
j=1

yij − yi,l+1

 ,

l = 1, 2, · · · , ni − 1, i = 1, 2, · · · , a.

òN =
∑

i ni �í�C�N − a�zil,�k

E(zil) = 0, Var(zil) = σ2, Cov(zil, zi′l′) = 0.

�ÏL{zij}u�Ø�©Ù���5.

5 ��©Û{éoN©Ù l��©Ùk�Ð�­è5.

5 ��oN©Ù l��©Ù���,ïÆ¦^�ëê{.
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Ø���à5u�

éü�©a�.,eØ���Ø��,K�.�L«�

yij = µ+ αi + eij, i = 1, · · · , a, j = 1, · · · , ni.

ùpÃeij�pÕá,�eij ∼ N(0, σ2
i ). u�b�

H0µ σ2
1 = σ2

2 = · · · = σ2
a ⇐⇒ H1µ σ2

1, σ
2
2, · · · , σ2

a Ø���.

��5�.e�É��u�ØÓ

�5�.e�É��u�: ØÓg*ÿéA�Ø���Ø�

��©Û�.���à5u�: ´3b�Ó�Y²�ni g­E*ÿ¤

éA�Ø�����e,u�ØÓY²m�Ø���σ2
i´Ä��.

Ïd,��à5u�k§Ak�u��{.
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P1i�Y²�Ø�²�ÚÚþ�

SSei =

ni∑
j=1

(yij − yi·)
2, MSei = SSei/(ni − 1).

3��5b�e, SSei ∼ σ2
i χ

2
ni−1.

PN =
∑a

i=1 ni�o��þ.

P1i�Y²e1jg*ÿ�í��

êij = yij − yi·, i = 1, · · · , a, j = 1, · · · , ni,

ùpyi· =
∑ni

j=1 yij/ni.

Ç�_ (BJUT) Chap7µ��©Û�. 103 / 121



Ø���à5u�

1. Leveneu�
dLevene (1960)JÑ�«·^5�2���à5u��{. -

dij = |êij|, i = 1, · · · , a, j = 1, · · · , ni.

5¿�

E(dij) = σi

√
2(ni − 1)

niπ
, i = 1, · · · , a, j = 1, · · · , ni,

²ïêâ=n1 = · · · = na = n�, E(dij) = σi
√

2(n− 1)/(nπ).

�²ïêâ�/(ni = n)½z�niÑ��,�rdijw�*	�,��ü
Ï�Á�êâ?n.
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Ø���à5u�

O�|SÚ|m²�Ú

SS2
W =

a∑
i=1

ni∑
j=1

(dij − di·)
2, SS2

B =

a∑
i=1

ni(di· − d··)2

�EFu�ÚOþ:

L =
SS2

B/(a− 1)

SS2
W/(N − a)

, (3.5)

ùp, di· =
∑ni

j=1 dij/ni, d·· =
∑a

i=1
∑ni

j=1 dij/N.

3�b�H0¤á�^�e, LCqÑlFa−1,N−a.

eL > Fa−1,N−a(α),ÒáýH0,@��Y²m���Ø���.
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Ø���à5u�

51 Levene u�éoN©Ù l��©Ùk�Ð�­è5. ��

¦niØU��.

52 ©z¥JÑ
�X�U?�Levene.u�.

Brown-Forsytheu� (�­è) =^

zij = |yij − mi|

O�dij ¤��Leveneu�,Ù¥mi �1i|êâ�¥ ê.

O’Brienu� (�é�!¥���þ�Ø²ï��) =^

uij = dij/
√

(ni − 1)/ni (3H0euij����)

O�dij ¤��Leveneu�.
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2. Hartleyu�

dHartley(1950)JÑ�,�¡��F'u�. ÚOþ�

Fmax =
maxi(MSei)

mini(MSei)
.

�O����L�.�(PearsonÚHartley, 1966)�,òáýH0.

51 ea = 2�,K3H0e,ÄuFmax�u�´°(Fu�.

52 î�þ, Hartleyu��·^u��þ����/, éu��þØ

���/,e§�m�OØ��,�Cq^

53 Hartleyu�éu��5� l�©¯a. �oNÑl��©Ù

�, ^Hartleyu�'Leveneu�äk�põ�, �î­ l��

�,�1�a�Ø�VÇ¬)ä.
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3. Bartlettu�

u�ÚOþ�

B =
1
c

(
(N − a) ln(MSe)−

a∑
i=1

(ni − 1) ln(MSei)

)
,

Ù¥

c = 1 +
1

3(a− 1)

{(
a∑

i=1

1
ni − 1

)
− 1

N − a

}
.

3Ø���b½e,eH0¤á,KB ∼ χ2
a−1.

�B > χ2
a−1(α),òáýH0.

Bartlettu��`:´Ø�¦�Y²­E*ÿgêni��½�C,

�§�":´éØ����5´é¯a.
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4. ����u�{(Cochran{)

Ï�Hartley{ÚBartlett{é���SSei�é¯a, ¤±�SSei¥�3���

�0½öé��, Hartley{ÚBartlett{þØU¦^. �´�­Eêni���,ù

«�¹´²~¬Ñy�.

-ÚOþ�

C =
maxi(MSei)

a∑
i=1

MSei

. (3.6)

ÚOþC��.�L����ºÚÇé1(1989) (p.579∼580, L4). �O�

�C�uL¥�éA��.�,Òáý�����"b�,@���Ø���.

Cochran���à5u�{�·^u²ïêâ�/.

3¢S¥§�n���, Cochran{A^��2�.
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�éÉ���?n

�éÉ���?n�{µ

\�LS�{. 1i�Y²�1jg*ÿ���

wij =
1

MSei

,

=1i�Y²�������ê.

êâCz{. �æ^16 Ù0����­½zC�!Box-Cox

C��. C���êâ�UEØ´���. éuÚOíä�(J

5`,��à5��¦�'��5b���­�.

�ëê{. u�a�ØÓ?n/Y²éA�foNþ�½¥ ê´

Ä���¯K,�±æ^�ëê�Fu�,Ùu�ÚOþ�
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FR =
(N − a)

∑a
i=1 ni(R̄i· − R̄··)2

(a− 1)
∑a

i=1
∑ni

j=1(Rij − R̄i·)2 ,

Ù¥N =
∑a

i=1 ni, Rij´yij38Ü{yij; i = 1, · · · , a, j = 1, · · · , ni}�
��l���ü��¤?� �(=yij��),

R̄i· =

ni∑
j=1

Rij/ni, R̄·· =
a∑

i=1

ni∑
j=1

Rij/N.

e��þniØ´é�,�

FR > Fa−1,N−a(α),

áý�b�§@�a�foN�þ�Ø���§ÄK�Âfo

Nþ�����b�.
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Y~©Û

~7.5.1 (r�é'Á�)
�uÐ·IÅ�z�/,,ïÄ¤�â·I�]
�¹,ïÄ
n«

r���µ 1�«, ±~®�Ì�/r�; 1�«, ±|ä®, "h

®�Ì,\�þ~®;1n«,±|ä®!"h®�Ì,\�þzÆ�

¬. �ü«´¦�ï��#��.�'�n«r�3�/O�þ��

J,���10�1Ö/,u60U�*	§��­þ.

r� /­(�)
1�« 1073 1058 1071 1037 1066 1026 1053 1049 1065 1051
1�« 1016 1058 1038 1042 1020 1045 1044 1061 1034 1049
1n« 1084 1069 1106 1078 1075 1090 1079 1094 1111 1092
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3ù�Á�¥, 60U�/­´�I;Ï�´r�.

3Á��Y¥��
n�Y², Á��8�´�'�n«r�

3�/O���JþkÛ�O.

I��þ�m�'�u�, Ï�ù´��üÏ���©Û¯K,

�^7.1!0���{?1�þ���5u�,,��¤küü

þ���Ó��&«m±?�Ú��zü«���AmkÃw

Í�É.

3�þ���'íäc, I�ké�.Ø����u�Ú��

à5u�.
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��.

yij = µi + eij, i = 1, 2, 3, j = 1, 2, · · · , 10,

Ù¥yij�æ^1i«r����1j�/60U�­þ.

Äké�ÅØ�eij���5u�Ú��à5u�.

y1<-c(1073,1058,1071,1037,1066,1026,1053,1049,1065,1051)

y2<-c(1016,1058,1038,1042,1020,1045,1044,1061,1034,1049)

y3<-c(1084,1069,1106,1078,1075,1090,1079,1094,1111,1092)

y <- c(y1,y2,y3);

A<-factor(gl(3,10,30))

lm.reg<-lm(y∼A)

y.res = residuals(lm.reg) ]í�êij
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n1<-length(y1); n2<-length(y2); n3<-length(y3)

z1<-c(rep(0,n1-1)); z2<-c(rep(0,n2-1)); z3<-c(rep(0,n3-1))

s1<-0; s2<-0; s3<-0

for (l in 1:(n1-1))

s1<-s1+y1[l]; z1[l]=(s1/l-y1[l+1])*sqrt(l/(l+1))

for (l in 1:(n2-1))

s2<-s2+y2[l]; z2[l]=(s2/l-y2[l+1])*sqrt(l/(l+1))

for (l in 1:(n3-1))

s3<-s3+y3[l]; z3[l]=(s3/l-y3[l+1])*sqrt(l/(l+1))

z<-c(z1,z2,z3); z ]Äuí��EÕá���S�

plot(lm.reg,2); ]í��Q-Qã

shapiro.test(y.res) ] p-value = 0.6474

shapiro.test(z) ] p-value = 0.6486

qqnorm(z, main = "Normal Q-Q Plot", xlab = "Theoretical Quantiles", ylab =

"Sample Quantiles", plot.it = TRUE, datax = FALSE, lwd=2) abline(mean(z),

sd(z), col=2, lwd=2) ]êâZ�Q-Qã

Ç�_ (BJUT) Chap7µ��©Û�. 115 / 121



Y~©Û

��5u�
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êij���QQã zij���QQã

QQãÚShapiro-Wilku�(J:��Éù1êâÑl��5.
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��à5u�

ÏêâÑl��©Ù�²ï,±þ��à5u��{Ñ�^.

Leveneu�{

leveneTest(y.res, A, center = mean) ] p-value=0.9666

Brown-Forsytheu�

leveneTest(y.res, A, center = median ) ] p-value= 0.959

Harley��F'{

Fmax = max
i
(MSei)/min

i
(MSei) =

226
182

= 1.24 < Fmax(0.05, 3, 9) = 5.34.

Bartlett�χ2u�{

bartlett.test(y, A) ] p-value = 0.9492

Cochranu�{.

C =
max(MSei)

MSe1 + MSe2 + MSe3

=
226
619
≈ 0.365 < C9,3(0.05) = 0.6167.
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u�b�H01 : µ1 = µ2 = µ3 Ú H02 : µi = µj (i 6= j).

kÏLBoxã�*
)n|êâ{yil, · · · , yin}, i = 1, 2, 3, ±9

üü|�êâ{y1j − y2j, · · · , y1n − y2n}, {y2j − y3j, · · · , y2n − y3n},
{y3j − y1j, · · · , y3n − y1n}��gþ��¹.
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æ^��©Û?�Úu�b�H01 :n|þ�Ñ��

�A§SÚ$1(JXe:
A<-factor(gl(3,10,30))

y.aov <- aov(y∼ A)

summary(y.aov)

Df Sum Sq Mean Sq F value Pr(>F)

A 2 11675 5837 28.3 2.36e-07 ***

Residuals 27 5569 206

(JL²: áýþ�����b�,@�n«r�e60U�/­

�þ��3wÍ�É.
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üüþ����&«m

O��n|þ���O�

µ̂1 = ȳ1· = 1054.9, µ̂2 = ȳ2· = 1040.7, µ̂3 = ȳ3· = 1087.8,

Ø���σ2��O�σ̂2 = MSe = 206.dueij ∼ N(0, σ2),á�

(µ̂i − µ̂j)− (µi − µi)

σ̂/
√

5
∼ t27, i 6= j.

α = 0.05,�L�t27(α/2) = t27(0.025) = 2.052,

t27(α/6) ≈ 2.552, F2,27(0.05) = 3.354, q2,27(0.05) = 3.506.
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µ1 − µ2, µ2 − µ3 Úµ3 − µ1 �g��&«mµ

[1.022, 27.378], [-60.278, -33.922], [ 19.722, 46.078]

n�éì��&«mÑvk�)0,L²: 3wÍ5Y²α = 0.05e,þ�üü

�mÑ�3wÍ�É.

üüþ�éì��&Xê�95%�Ó��&«m

þ�éì Bonferroni«m Scheffé«m Tukey«m

µ1 − µ2 [-2.193, 30.593] [-2.435, 30.835 ] [-1.724 30.124]

µ2 − µ3 [-63.493, -30.707] [-63.735, -30.465] [-63.024 -31.176]

µ3 − µ1 [16.507, 49.293] [ 16.265, 49.535] [ 16.976 48.824]

Tukey«m��Ý�á, Scheffé«m��Ý��.
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