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þ��þ����


þ��þ

�X = (X1, · · · ,Xn)
′�n× 1�Å�þ. ¡

E(X) = (EX1, · · · ,EXn)
′

�X�þ��þ.

½n3.1.1
�A�m × n��ÅÝ
, XÚb©O�n × 1Úm × 1�Å�þ, Py =

AX + b,K

E(y) = AE(X) + E(b).
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��Å�þ����


�X�n× 1�Å�þ. ¡

Cov(X) = E[(X − E(X))(X − E(X))′] = Σ = (σij)

��Å�þX����
.

σij = Cov(Xi,Xj) = E[(Xi−EXi)(Xj−EXj)],AO/, σii = Var(Xi).

eσij = 0,K¡X��A©þXi�XjØ�'.

trCov(X) =
∑n

i=1 Var(Xi), ùptrAL«�
A�,, =é���

�Ú.
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½n3.1.3
�X�n × 1�Å�þ, K§����
Cov(X)7���½�é¡
,

P�Σ ≥ 0.

½n3.1.3
th3.1.3 �A�m × n
, X�n × 1 �Å�þ, Y = AX, KCov(Y) =

ACov(X)A′.

½n3.1.4
�XÚY©O�n× 1, m× 1�Å�þ, AÚB©O�p× n, q× m��

ÅÝ
,K

Cov(AX,BY) = ACov(X,Y)B′.

Ç�_ (BJUT) Chap3µõ���©Ù 6 / 27



�Å�þ��g.

b�X = (X1, · · · ,Xn)
′ �n× 1�Å�þ, A�n× né¡
,K¡

�ÅCþ

X′AX =

n∑
i=1

n∑
j=1

aijXiXj

�X��g..

½n3.2.1
�E(X) = µ,Cov(X) = Σ,KE(X′AX) = µ′Aµ+ tr(AΣ).

�Aµ = 0�, E(X′AX) = tr(AΣ).
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�Å�þ�g.���

½n3.2.2
��ÅCþX1, · · · ,Xn�pÕá, E(Xi) = µi, Var(Xi) = σ2, mr =

E(Xi − µi)
r, r = 3, 4. A = (aij)n×n�é¡
. PX = (X1, · · · ,Xn)

′,

µ = (µ1, · · · , µn)
′,K

Var(X′AX) = (m4 − 3σ4)a′a + 2σ4tr(A2) + 4σ2µ′A2µ+ 4m3µ
′Aa,

Ù¥a = (a11, · · · , ann)
′,=A�é��|¤���þ.

�Aµi = 0�, Var(X′AX) = (m4 − 3σ4)a′a + 2σ4tr(A2).

�Aµi = 0�Xi ∼ N(µi, σ
2)�, Var(X′AX) = 2σ4tr(A2).
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����©Ù e�ÅCþXäk�Ý¼ê

f (x) =
1√
2πσ

e−
1

2σ2 (x−µ)2
, −∞ < x < +∞,

K¡x�äkþ�µ,��σ2����ÅCþ,P�N(µ, σ2).

½Â3.3.1 õ���©Ù

�n��Å�þX = (X1, · · · ,Xn)
′äk�Ý¼ê

f (x) =
1

(2π)n/2|Σ|1/2 exp
{
−1

2
(x− µ)′Σ−1(x− µ)

}
, (3.1)

Ù¥x = (x1, · · · , xn)
′, −∞ < xi < +∞, i = 1, · · · , n, µ =

(µ1, · · · , µn)
′, Σ > 0,K¡X�n����Å�þ,P�Nn(µ,Σ).
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���Å�þ

·IÚOÆk°N�èk)JÑ,�«½Â.

½Â3.3.2
�X�n��Å�þ. e�3n× r��÷�Ý
A,¦�

X=Au + µ,

ùpu = (u1, · · · , ur)
′, ui ∼ N(0, 1)��pÕá, µ�n × 1��Å�

þ, K¡XÑlþ��µ!���
�Σ = AA′�õ����þ, P

�X ∼ Nn(µ,Σ).

5 ±þ½Â#NΣ���½. XJΣ > 0,Kü½Â�d.

5 ½Â3.3.1´^VÇ�Ý¼ê½Â©Ù�,Ib�Σ > 0.
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A^½Â.3.2,éN´y²e¡�½n.

½n3.3.1
�X ∼ Nn(µ,Σ), Σ ≥ 0, B�m × n?¿¢Ý
, Ky = BX ∼

Nm(Bµ,BΣB′).

íØ3.3.1

�X ∼ Nn(µ,Σ),Σ > 0,Ky = Σ−
1
2 X ∼ Nn(Σ

− 1
2µ, In).

íØ3.3.2
�X ∼ Nn(µ, σ

2In), Q�n× n��
,KQX ∼ Nn(Qµ, σ2In).
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½n3.3.2
�X ∼ Nn(µ,Σ),K

(1)�Σ > 0�, Xäk�Ý(3.1);

(2)�rk(Σ) = r < n�, X − µ±VÇ�1á3f�mM(Σ)S.

½n3.3.3
X ∼ Nn(µ,Σ)��=�§�A�¼ê�

ϕx(t) = exp
{

it′µ− t′Σt
2

}
, t ∈ Rn.

Ç�_ (BJUT) Chap3µõ���©Ù 12 / 27



���Å�þ

½n3.3.4
äkþ��þµ, ���
�Σ��Å�þXÑlõ���©Ù��

=�é?¿¢�þc,Ñk c′X ∼ N(c′µ, c′Σc),ùpΣ ≥ 0.

íØ3.3.3
�X = (X1, · · · ,Xn)

′ ∼ Nn(µ,Σ), µ = (µ1, · · · , µn), Σ = (σij),K

Xi ∼ N(µi, σii), i = 1, · · · , n.

5 éÜ©Ù��K>�©Ù��,��Ø¤á. X(X, Y)�éÜ�Ý¼êµ

f (x, y) =
1

2π

[
1− xy

(x2 + 1)(y2 + 1)

]
exp

{
−1

2
(x2 + y2)

}
, −∞ < x, y < +∞.

w,ùØ´����©Ù��Ý¼ê,���yXÚY�>�©ÙÑ�N(0, 1).

Ç�_ (BJUT) Chap3µõ���©Ù 13 / 27



���Å�þ

òX,µ,Σ�Xe©¬

X =

 X1

X2

 , µ =

 µ1

µ2

 , Σ =

 Σ11 Σ12

Σ21 Σ22

 , (3.2)

ùpX1,µ1��m× 1�þ, Σ11�m× mÝ
, Σ ≥ 0.

½n3.3.5
�X ∼ Nn(µ,Σ),KX1 ∼ Nm(µ1,Σ11), X2 ∼ Nn−m(µ2,Σ22).

y² (A^A�¼êy²) X1�A�¼ê�

ϕx1(t) = ϕx(t1, · · · , tm, 0, · · · , 0) = exp
{

it′µ1 −
t′Σ11t

2

}
.
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���Å�þ

½n3.3.6
�X ∼ Nn(µ,Σ),KX1ÚX2Õá��=�Σ12 = 0.

½n3.3.7
�X ∼ Nn(µ,Σ),éX,µ,Σ�X(3.2)�©¬,K

X2|X1 = x1 ∼ Nn−m(µ2 +Σ21Σ
−
11(x1 − µ1), Σ22.1),

X1|X2 = x2 ∼ Nn−m(µ1 +Σ12Σ
−
22(x2 − µ2), Σ11.2),

ùp

Σ22.1 = Σ22 −Σ21Σ
−
11Σ12, Σ11.2 = Σ11 −Σ12Σ

−
22Σ21.
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���Å�þ

y² -

C =

 Im 0

−Σ21Σ
−
11 In−m

 .

K

Y =

 Y1

Y2

 =

 X1

X2 −Σ21Σ
−
11X1

 = CX ∼ Nn(Cµ,CΣC′),

|^(2.3.11)Ú(2.3.12)�

Cµ =

 µ1

µ2 −Σ21Σ
−
11µ1

 , CΣC′ =

 Σ11 0

0 Σ22.1


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���Å�þ

u´X1 ∼ Nm(µ1, Σ11),

X2−Σ21Σ
−
11X1 ∼ Nn−m(µ2 −Σ21Σ

−
11µ1, Σ22.1),

��öÕá. ��½X1 = x1, X2 �^�©Ù

X2 ∼ Nn−m(µ2 +Σ21Σ
−
11(x1 − µ1),Σ22.1).

Ón�y�½X2 = x2, X1 �^�©Ù

X1|X2 = x2 ∼ Nn−m(µ1 +Σ12Σ
−
22(x2 − µ2), Σ11.2),

½ny..
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���þ��g.

½n3.4.1
�X ∼ Nn(µ,Σ),An×né¡,KVar(X′AX) = 2tr(AΣ)2 + 4µ′AΣAµ.

½Â3.4.1
�X ∼ Nn(µ, In). �ÅCþY = X′X�©Ù¡�gdÝ�n, �¥%

ëê�λ = µ′µ�χ2©Ù,P�Y ∼ χ2
n,λ. �λ = 0�,¡Y�©Ù�¥

%χ2©Ù,P�Y ∼ χ2
n.

Ø�b�Σ > 0. �ÄX′AX�χ2©Ù�'X.
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���þ��g.

½n3.4.3
�X ∼ Nn(µ, In), Aé¡,KX′AX ∼ χ2

r,µ′Aµ ⇐⇒ A��, rk(A) = r.

X′AX ∼ χ2
k ⇐⇒ A��, rk(A) = k, Aµ = 0.

eµ = 0,KX′AX ∼ χ2
k ⇐⇒ A���rk(A) = k.

íØ3.4.3
eX ∼ Nn(µ,Σ), Σ > 0,K

X′AX ∼ χ2
k;λ ⇐⇒ AΣA = A,

ùpλ = µ′Aµ.

y -Y = Σ−1/2X ∼ Nn(Σ
−1/2µ, In).A^½n3.4.3�y.
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���þ��g.

½n3.4.4
�X ∼ Nn(µ, I),e

X′AX = X′A1X + X′A2X ∼ χ2
r;λ, X′A1X ∼ χ2

s;λ1
,

Ù¥A2 ≥ 0, λ = µ′Aµ, λ1 = µ′A1µ,K

X′A2X ∼ χ2
r−s;λ2

, A1A2 = 0,

�X′A1X ÚX′A2X�pÕá,ùpλ2 = µ′A2µ.

y²g´µX′A1X ÚX′A2X L�¤Õá��Cþ�²�Ú/ª

X′A1X =

s∑
i=1

Y2
i , X′A2X =

r∑
i=s+1

Y2
i .

ùpY1, · · · ,Yn�pÕá���Cþ.
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���þ��g.

y² d½n3.4.3�µX′AX ∼ χ2
r;λ =⇒ A é¡��, rk(A) = r. ��

3���
P,¦�

P′AP =

 Ir 0

0 0

 .

ÏX′A1X ∼ χ2
s;λ1

, �A1���. qÏA2 ≥ 0, �A ≥ A1,A ≥ A2

(���½��½),

P′A1P =

 B1 0

0 0

 , P′A2P =

 B2 0

0 0

 , Biµr × r.

dA2
1 = A1´yB2

1 = B1. ��3��
Qr×r,¦�
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���þ��g.

dA2
1 = A1´yB2

1 = B1. ��3��
Qr×r,¦�

Q′B1Q =

 Is 0

0 0

 .

P

S′ =

 Q′ 0

0 In−r

P′,

KS���
,�¦S′AS = S′A1S + S′A2S/�
Is 0 0

0 Ir−s 0

0 0 0

 =


Is 0 0

0 0 0

0 0 0

+


0 0 0

0 Ir−s 0

0 0 0

 .
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���þ��g.

�C�Y = S′X. d�½n3.3.1,kY ∼ Nn(S′µ, In).u´

X′AX = Y′S′ASY =

r∑
i=1

Y2
i ,

X′A1X = Y′S′A1SY =

s∑
i=1

Y2
i , X′A2X = Y′S′A2SY =

r∑
i=s+1

Y2
i .

Ï�Y1, · · · ,Yn�pÕá, ¤±X′A1X�X′A2X�pÕá. 2�½
Â, X′A2X ∼ χ2

r−s;λ2
,q

A1A2 = S

 Is 0 0
0 0 0
0 0 0

S′S

 0 0 0
0 Ir−s 0
0 0 0

S′ = 0.

½ny..
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íØ3.4.4
�X ∼ Nn(µ, In), A1,A2é¡, X′A1XÚX′A2X ÑÑlχ2©Ù, K§�

�pÕá⇐⇒A1A2 = 0.

þ¡ü�½néN´í2�Cov(X) = Σ > 0��/. �I�X

eC�:

Y = Σ−
1
2 X ∼ Nn

(
Σ−

1
2µ, In

)

X′AiX = Y′
(
Σ

1
2 AiΣ

1
2

)
Y

Ç�_ (BJUT) Chap3µõ���©Ù 24 / 27



���þ��g.

íØ3.4.5
�X ∼ Nn(µ,Σ), Σ > 0, X′AX = X′A1X + X′A2X ∼ χ2

r,λ1
, X′A1X

∼ χ2
s, λ2

, A2 ≥ 0,K

(1) X′A2X ∼ χ2
r−s,λ3

;

(2) X′A1X�X′A2X�pÕá;

(3) A1ΣA2 = 0;

Ù¥λi, i = 1, 2, 3��¥%ëê,Ø2°(�Ñ.

íØ3.4.6
�X ∼ Nn(µ,Σ),Σ > 0,A1,A2é¡,X′A1X�X′A2X ÑÑlχ2©Ù.

K§��pÕá⇐⇒A1ΣA2 = 0.
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���þ��g.��5.�Õá5

½n3.5.1
�X ∼ Nn(µ, I), A�n× né¡
, C�m× nÝ
. e

CA = 0,

KCXÚX′AX�pÕá.

íØ3.5.1
�X ∼ Nn(µ,Σ), Σ > 0, An×n�é¡
. e

CΣA = 0,

KCX�X′AX�pÕá.
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���þ��g.��5.�Õá5

½n3.5.2
�X ∼ Nn(µ, I), AÚB��n× n�é¡
,e

AB = 0,

KX′AX�X′BX�pÕá.

íØ3.5.2
�X ∼ Nn(µ,Σ),Σ > 0, AÚB��n× n�é¡
. e

AΣB = 0,

KX′AX �X′BX �pÕá.
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