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2Â�5�.

�Y�VÇ©Ùáu�ê©Ùx�, Nelder ÚWedderburn

(1972) JÑ
�«����{5[Ü�5�., =2Â�5

�.(general linear model, GLM).

T�.dn�Ü©|¤µ

1. �ÅÜ©: �ÑÏCþY�VÇ©Ù;

2. XÚÜ©: �½
gCþ��5¼ê;

3. ë�¼ê: £ã
XÚÜ©��ÅÜ©Ï"�m�¼ê'X.
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2Â�5�.

1. �ÅÜ©(random component)

�ÑÏCþY�VÇ©Ù: � y = (y1, y2, ..., yn)�Y�*ÿ�þ,

Ù¥z�*ÿ�yi �©Ùáu�ê©Ùx,ÙVÇ�Ý¼ê�

f (yi; θi) = a(θi)b(yi) exp(yiQ(θi))

ùp,ëêθi ��i = 1, 2, · · · , nCz,¿�6uÓyi k'�gC

þ��(xi1, xi2, · · · , xi(p−1))

Q(θi)´T©Ù�g,ëê.

yi �©Ù����©Ù!Ñt©Ù!��©ÙÚõ�©Ù�
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2Â�5�.

2 XÚÜ©:

ÏL�5�.ò���þη = (η1, η2, · · · , ηn)′��|gCþé

Xå5,=

η = Xβ,

Ù¥, η�¡��5ýÿÏf, X�n×p�gCþÝ
, β´p×1

ëê�þ. ~5b�X�1������1,¿P

β = (β0,β
′
1)′ = (β0, β1, · · · , βp−1)′.
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2Â�5�.

3. ë�¼ê

òXÚÜ©��ÅÜ©�Ï"�ë�å5.

�µi = E(yi),Kµi ÏL ηi = g(µi)�ηi é(,=

g(µi) = β0 + β1xi1 + · · ·+ βp−1xi(p−1) = x′iβ, i = 1, 2, · · · , n,

Ù¥, g(·) ´üN��©¼ê, xi = (1, xi1,··· ,xi(p−1))
′ �X�1i1

1�þ. AO/,

¡g(µ) = µ�ð�ë�(identify link)⇒ ηi = µi.

¡g(µ) = Q(θi)��Kë�£canonical link¤⇒ Q(θi) = x′iβ.
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�éL

�éL´�é�ACþÚgCþÑ´©aCþ��/.

�X ÚY L«ü�©aCþ, X kI �Y², Y kJ �Y².

�(X,Y)�éÜVÇ©Ù�

P(X = i,Y = j) = πij, i = 1, 2, · · · , I, j = 1, 2, · · · , J, (10.3)

XÚY�>�VÇ©Ù©O�

πi. =

J∑
j=1

πij, i = 1, 2, · · · , I,

π.j =

I∑
i=1

πij, j = 1, 2, · · · , J,
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�éL

òXÚY�éÜVÇÚ>�VÇ®oL

Table: XÚY�éÜVÇÚ>�VÇ

Y

1 2 · · · J P(X = i)

1 π11 π12 · · · π1J π1.

X 2 π21 π12 · · · π2J π2.
...

...
...

...
...

I πI1 πI2 · · · π1J πI.

P(Y = j) π.1 π.2 · · · π.J
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�éL

eéu¤k�i, j,Ñk

πij = πi·π·j, i = 1, · · · , I, j = 1, · · · , J,

KXÚYÕá.

eπi· 6= 0,�½X = i^�e, Y = j�^�VÇ�

πj|i = P(Y = j|X = i) =
πij

πi.
,

�÷v
J∑

j=1

πj|i = 1.

eXÚYÕá,K πj|i = π·j , πi|j = πi·
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�éL

�éL(contingency table)

Table: ��þ�n�(X,Y)�ªê�éL

Y

1 2 · · · J ni·

1 n11 n12 · · · n1J n1·

X 2 n21 n12 · · · n2J n2·
...

...
...

...
...

I nI1 nI2 · · · n1J nI·

n·j n·1 n·2 · · · n·J

nij�(X = i, Y = j)�ü�ªê, n =
∑I

i=1

∑J
j=1 nij, ni. =

J∑
j=1

nij, n.j =
I∑

i=1
nij.
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�éL

d�éLá�

XÚY�éÜVÇπij��O

π̂ij =
nij

n
,

>�VÇπ·iÚπ·i��O

π̂i· =
ni·
n
, π̂i|j =

n·j
n
,

^�VÇπj|iÚπi|j��O

π̂j|i =
nij

ni·
, π̂i|j =

nij

n·j
.
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^�VÇ'��I

3A^¥, a,��  Ø´XÚY�éÜVÇ, 
´^�VÇ,

cÙ´'�3X�ØÓY²eY�^�VÇ, X�AVÇ��!

�éºx!`³'(odds ratio, OR)�.

b�Y´0, 1�©a�ACþ, X�©aCþ, X = i, i = 1, · · · , I.

�½X = i^�e, Y�^��AVÇ�

π1|i = P(Y = 1|X = i),

�½X = i^�e, Y���AVÇ�

π2|i = P(Y = 0|X = i) = 1− π1|i.
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^�VÇ'��I

1. ^�VÇ�
^�X = iÚX = he�AVÇ��µ π1|i − π1|h

^�X = iÚX = heÃ�AVÇ��µπ0|i − π0|h

5 ùü���ýé���,ÎÒ��,

π0|i − π0|h = −(π1|i − π1|h)

−1 ≤ π1|i − π1|h ≤ 1,

5 �Y�XÕá�,

π1|i − π1|h = 0, 1 ≤ i 6= h ≤ I.
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^�VÇ'��I

2. �éºx

�Y ��©a�ACþ, K¡'�
π1|i

π1|h
�1i a�A�éu1h a�

A��éºx.

�éºx´���K¢ê. éu2× 2�L,�A��éºx

0 ≤ R1 =
π1|1

π1|2
<∞.

�éºx�u1¿�XXÚYÕá. Ón,��A��éºx�

R2 =
π2|1

π2|2
=

1− π1|1

1− π1|2
.

Ç�_ (BJUT) Chap10µlÑ�ACþ�. 15 / 90



^�VÇ'��I

3. AÇ/`³
X �Ó�a(XX = i)¥��AVÇ���AVÇ�'��¡�AÇ

½¯�{Y = 1}�`³.

éu2× 2�L,1�1(X = 1)e�AÇ�u

Ω1 =
π1|1

π2|1
.

1�1(X = 0)e�AÇ�u

Ω2 =
π1|2

π2|2
.

�XÚYÕá�, Ω1 = Ω2.
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^�VÇ'��I

4. `³'
�XÚY���©aCþ,K¡

θ =
R1

R2
=

Ω1

Ω2
=
π11π22

π12π21
(10.4)

�`³'(odds ratio, OR)½�éXê(contingency coefficient).

d½ÂeXÚYÕá�¿�^��θ = 1.

éu?¿I × J�L,Ù?¿ü1Úü�Ò�¤��2× 2L.

Ï~�Ä���2× 2L,ÙÛÜ`³'�

θij =
Ω1

Ω2
=
πi|jπ(i+1)|(j+1)

πi|(j+1)π(i+1)|j
, i = 1, · · · , I − 1, j = 1, · · · , J − 1.
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�éL�Ä�©Ù

0��éL�ü«Ä�: Ñt©ÙÄ�ÚÕá�õ�ª©ÙÄ�.

1. Ñt©ÙÄ�

1) b�nijÑlëêmij�Ñt©Ù, i = 1, 2, · · · , I, j = 1, 2, · · · , J,

KÙVÇ©Ù�

P(nij) =
e−mijmnij

ij

nij!
, nij = 0, 1, · · · ,

� E(nij) = Var(nij) = mij.

2) b�¤kü�ªênij�pÕá.
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�éL�Ä�©Ù

3ùü�b�e§·�k

n =
∑

i
∑

j nij E,ÑlÑt©Ù, E(n) = Var(n) =
∑

i
∑

j mij.

�½��þn�^�e,Kn11, · · · , n1J, · · · , nI1, · · · , nIJ �^�é

Ü©Ù�õ�ª©Ù(multinomial distribution),ÙVÇ©Ù�

P

nij

∣∣∣∣∣∣
I∑

i=1

J∑
j=1

nij = n

 =
n!∏I

i=1
∏J

j=1 nij!

I∏
i=1

J∏
j=1

π
nij
ij ,

nij�^�>�VÇ©Ù���©ÙB(πij, n),Ù¥

πij = mij

/
I∑

l=1

J∑
h=1

mlh .
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b�u�

2. Õá�õ�ª©ÙÄ�

b��½ X = i �^�e,�éL¥Y �ni· �*ÿ�pÕá,�

P(Y = j|X = i) = πj|i, j = 1, 2, · · · , J,

K1i1�ü�*ÿªêni1, · · · , niJ Ñlõ�ª©Ù,

ni.!∏J
j=1 nij!

J∏
j=1

π
nij

j|i .

b��éL�ØÓ1��ü�*ÿªê�pÕá,K

I∏
i=1

 ni.!∏J
j=1 nij!

 J∏
j=1

π
nij

j|i

 .

�¡�A�Ä��¦Èõ�ªÄ�½Õáõ�ªÄ�.
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[Ü`Ýu�

�éL©ÛÌ�ïÄ�{: u�*ÿªê´Ä�unØªê

u��éL�ªê´ÄÑl�½�õ�ª©Ù:

H0 : πij = πij,0, i = 1, · · · , I, j = 1, · · · , J,

Ù¥πij÷v��^�:
I∑

i=1

J∑
j=1

πij = 1.�H0¤á�,nØªê�

mij = nπij,0, i = 1, 2, · · · , I, j = 1, 2, · · · , J.

χ2 u�ÚOþÚÙH0e�ìC©Ù�

χ2 =

I∑
i=1

J∑
j=1

(nij − mij)

mij
−→ χ2

(I−1)(J−1).
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[Ü`Ýu�

YÚX �Õá5u�µ

H0 : πij = πi·π·j, i = 1, 2, · · · , I, j = 1, 2, · · · , J,

~^�ü«u��{µ

(1) χ2 u�µÙu�ÚOþ�

χ2 =

I∑
i=1

J∑
j=1

(nij − m̂ij)

m̂ij
.

(2) q,'u�
~X, �ü����þ{nij}Ñlõ�ª©Ù�, YÚX �Õá5
u��q,'ÚOþXe:
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[Ü`Ýu�

q,'u�ÚOþ

Λ =

∏I
i=1
∏J

j=1(ni.n.j)nij

nn
∏I

i=1
∏J

j=1 nnij
ij

=

I∏
i=1

J∏
j=1

(
m̂ij

nij

)nij

,

Ù¥m̂ij = ni·n·j/n´H0emij�4�q,�O.

3Õáb�e, Wilks (1938)y��n→∞�,

G2 = −2 ln Λ = 2
I∑

i=1

J∑
j=1

nij ln
nij

m̂ij
→ χ2

(I−1)(J−1).

Ïd,���þ���, G2���Õáb��u�ÚOþ.
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Logistic£8�.

Logistic£8�., q¡/µ½�.", �2�A^ué¯�u)

��xÏ�&¢!u)VÇýÿ±9#����O8a�.

�Y ��0, 1ü���©aCþ, £ã
¯�Au)½�u)ü«G

�, (X1, · · · ,Xp−1)�éYkK��gCþ.

Py1, · · · , yn ´�ÅCþY3gCþ�ØÓ�(xi1, · · · , xi(p−1)),

i = 1, · · · , n�/e�ngÕá*ÿ,

P(yi = 1) = π(xi), P(yi = 0) = 1− π(xi).

ùpxi = (1, xi1, · · · , xi(p−1))
′.
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Logistic£8�.

eæ^ð�ë�¼ê, E(yi) = π(xi) = x′iβ,B���5�.

yi = x′iβ + ei, i = 1, · · · , n,

Ù¥β = (β0, β1, · · · , βp−1)′ ���ëê.

T�.�3(�"�µ

(1) 0 ≤ π(xi) ≤ 1,
−∞ < β0 + x′iβ < −∞,�Úågñ.

(2) 3¢�¥VÇπ(xi)  ´xi���5üN¼ê,
��5�.

(3) �.�ÅØ�����~ê,��gCþxik'(ØÜ~5)

Var(ei) = Var(yi) = π(xi)(1− π(xi)) = (x′iβ)(1− x′iβ)

Ç�_ (BJUT) Chap10µlÑ�ACþ�. 25 / 90



Logistic£8�.

æ^�Kë�¼ê�2Â�5�..

duyi�VÇ©Ù�L«�

f (yi) =πyi(xi)(1− π(xi))
1−yi

=(1− π(xi))

(
π(xi)

1− π(xi)

)yi

=(1− π(xi)) exp (yi ln (Q(π(xi)))) ,

g,ëê

Q(π(xi)) = ln
(

π(xi)

1− π(xi)

)
,

=¯�{yi = 1}u)Ú{yi = 0}u)VÇ'(AÇ)�éê.
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Logistic£8�.

æ^�Kë�¼ê,�Logistic£8�.:

logit(π(xi)) = x′iβ, i = 1, · · · , n, (10.5)

ùp

logit(π(xi)) = ln
(

π(xi)

1− π(xi)

)
.

3Logistic£8�.e,VÇπ(xi)�u

π(xi) = h(x′iβ) =
exp(x′iβ)

1 + exp(x′iβ)
=

1
1 + exp(−x′iβ)

, (10.6)

Ù¥§�A¼êh(z)�Sigmond¼ê,

h(z) =
1

1 + e−z .

Ç�_ (BJUT) Chap10µlÑ�ACþ�. 27 / 90



Logistic£8�.

dh(z)�¼êã��±wÑ: Sigmond¼ê�ã�'u:(0, 0.5)

é¡;Ù½Â��(−∞,∞): ���(0, 1).
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Logistic£8�.�`:

�.�´)º.

logit(π(xi)) = ln
(

π(xi)
(1−π(xi))

)
Ò´¯�{yi = 1}�éu¯�{yi =

0}�`³�éê;

d π(xi)
(1−π(xi))

= exp {x′iβ} ��µ�½gCþxi¥Ù¦��, =Cz

Ù1k���,zO\��ü ,`³ÒO�exp(βk)�.

gCþ��A�±��O,�éugCþü�ØÓ���xiÚxj,

Küö�`³'

ORij =

(
π(xi)

1− π(xi)

)/(
π(xj)

1− π(xj)

)
= exp

{
x′iβ − x′jβ

}
;

gCþ�±´lÑCþ,��±´ëYCþ.
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Logistic£8�.!�A¼ê��5�.�'X

b����ACþY´Äu,ëY�ACþYc��©�)�,

YcÚgCþX = (X1, · · · ,Xp−1)′÷v�5'X.

P(yc
i , xi), i = 1, 2, · · · , n�YcÚX�ngÕá*ÿ,

yi =

{
1, yc

i ≤ d,

0, yc
i > d,

(10.7)

ùp, d´,��½�~ê.

yc
i = xi

′βc + ec
i , (10.8)

Ù¥βc = (βc
0, β

c
1, · · · , βc

p−1)′, E(ec
i ) = 0, Var(ec

i ) = σ2.
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Logistic£8�.

~X�ÅÄ�n¶)O§P¹¨�~)�mÚ)ÏPË§Ý

(yc
i , xi), i = 1, · · · , n.

ea,��¯K´1�PË(X-)ÏPË§Ý�ê)éÙ~)�

m(Yc)�K�,�^{ü�5�.

yc
i = β0 + βxi + ec

i

ea,��¯K´1�PË´Ä¬��?�@�, d��AC

þ�

yi =

{
1, yc

i ≤ 38± (@�),

0, yc
i > 38± (v�).
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Logistic£8�.

z�½�.Ø�ec
i��©Ù,Ò��Ñ�����ACþ�2Â�5

�.,XLogistic£8�.!probit£8�.!log-log�.�. .

PFec �ÅØ�ec
i�©Ù¼ê. K�ACþyi�þ�

E(yi) = π(xi) = P(ec
i ≤ d − xi

′βc) = Fec(d − xi
′βc), (10.9)

1. Logistic£8�.

eec
iÑlLogistic©Ù,Kec

i��L«�

ec
i =

σ

π/
√

3
εi,

Ù¥, εiÑlIO�Logistic©Ù,Ùþ��0!���π2/3,
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Logistic£8�.

©Ù¼ê�

Fε(εi) =
exp(εi)

1 + exp(εi)
=

1
1 + exp(−εi)

= h(εi),

ùp,�A¼êh(·)�Sigmond¼ê. u´

π(xi) = Fec(d − xi
′βc) = Fε(x′iβ) = h(x′iβ) =

1
1 + exp{−x′iβ}

,

ùpβ = (β0, β1, · · · , βp−1)′, Ù¥β0 = π(d − βc
0)/(
√

3σ), βj =

−πβc
j /(
√

3σ), j = 1, · · · , p− 1.ddá�Logistic�.

logit(π(xi)) = x′iβ, i = 1, · · · , n.
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Probit£8�.

2. Probit£8�.

e�.Ø�ec
i ∼ N(0, σ2),K

π(xi) = P(yi = 1) = P(yc
i ≤ d) = Φ

d − βc
0

σ
−

p−1∑
j=1

βc
j

σ
xij

 .

ddá�probit£8�.

probit(π(xi)) = Φ−1(π(xi)) = x′iβ,

ùp, β = (β0, β1, · · · , βp−1)′,Ù¥

β0 = (d − βc
0)/σ, βj = −βc

j /σ, j = 1, · · · , p− 1.
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log-log�.

3. log-log�.

b�ec
i ÑlGumbel©Ù (�«~^�4(�)�.©Ù)

FG(ec
i ) = exp (− exp (−ec

i /σ)) .

u´ π(xi) = FG(d − x′iβc) = exp (− exp (x′iβ)) ,

ùp, β = (β0, β1, · · · , βp−1)
′, β0 = −(d − βc

0)/σ, βj = βc
j /σ (j 6= 0).

dd�log-log�.µ

ln(− ln(π(xi))) = x′iβ.

Ù�A¼ê�Gumbel)�¼êµhcG(z) = exp (− exp (z)) .

T¼ê±é¯��ÝÂñ�0,���ú��ÝÂñ�1.
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cloglog�.

4. Ölog-log�.

3Gumbel©Ù�/,  éÖ¯�{Yc > d}�a,�. ½Âyi�

yi =

{
0, yc

i ≤ d,

1, yc
i > d.

u´π(xi) = P(yi = 1) = P(yc
i > d) = 1− exp (− exp (x′iβ)) .

Ölog-log (complementary log-log, cloglog) �.µ

ln(− ln(1− π(xi))) = x′iβ. (10.10)

Ù�A¼ê�Gumbel)�¼êµhcG(z) = 1− exp (− exp (z)) .

T¼ê±é¯��ÝÂñ�1,���ú��ÝÂñ�0.
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Logistic£8�.

−6 −4 −2 0 2 4 6

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

x

y

Normal 
 Sigmoid
Gumel survial

5 Logistic�.!probit�.Úcloglog�.´n«�~^����ACþ�..

5 �ÓA:´��30Ú1�m; ã�äkS/,¿�XgCþªu−∞½+∞Å
ì�C0½1.

5 n�¼ê©O·^u�.Ø�­�©Ù,Ø���©ÙÚ�é¡©Ù��/.
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Logistic�.ëê��O

�OÝ
Ø�÷��, �±ÏL�.­#ëêz½gCþ4�

�5Ã'|��{ò�.�O
=z��÷�.

(1). b�Ý
X = (x1, · · · , xn)′�÷�.

(2). b�y1, · · · , yn �pÕá.

Logistic�.ëê�~��ü«�O

ML�O

WLS�O £�·^u­Eÿþêâ¤
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Logistic£8�.�ML�O

q,¼ê

L(β) =

n∏
i=1

f (yi) =

n∏
i=1

πyi(xi)(1− π(xi))
1−yi

=

n∏
i=1

(1− π(xi)) exp
(

yi ln
(

π(xi)

1− π(xi)

))

=

n∏
i=1

(
1

1 + exp(x′iβ)

)
exp

(
yi(x′iβ)

)
,

éêq,¼ê

l(β) = ln L(β) =

n∑
i=1

{
yix′iβ − ln

(
1 + exp(x′iβ)

)}
.

β�ML�Oβ̂ Ò´¦�l(β)�����β.
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Logistic£8�.�ML�O

IÏLS�¦)β̂. Pβ̂��ª�S�).u´[Ü��A¼ê

π̂(xi) =
exp(x′iβ̂)

1 + exp(x′iβ̂)
.

dML�Oβ̂�ìC��5�,�éA���n,Cqk

(β̂ − β)∼̇Np(0,
(
X′W(β)X

)−1
).

ùp, W(β) = diag(w1, · · · ,wn),

wi =
exp(x′iβ)

(1 + exp (x′iβ))2 = π(xi)(1− π(xi)).

�¦ëêβ9Ù©þ��&«mÚb�u�£aq�5�.¤.
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~10.3.1 (Kutner et al., 2004)
�
ïÄO�Å?§²�(X)é35½�mS�¤?§?Ö�U

å(Y)�K�§À�
äkØÓ�?§²�£±²��êïþ¤

�25 <§5½�mS�¤?§?Ö�Uåæ^0 ,1 L«§1L«�

¤§0L«��¤. êâXe

i X Y i X Y i X Y

1 14 0 10 6 0 19 24 0
2 29 0 11 30 1 20 13 1
3 6 0 12 11 0 21 19 0
4 25 1 13 30 1 22 4 0
5 18 1 14 5 0 23 28 1
6 4 0 15 20 1 24 22 1
7 18 0 16 13 0 25 8 1
8 12 0 17 9 0
9 22 1 18 32 1
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~10.3.1
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±�êâ�Ñ:ãÚÛÜ\�Ñ:²w£8�A­�(LOWESS).

Ï�ACþ�0!1 Cþ, TÑ:ã�&EþØ�, �´L²¤

õ�¤?Ö�Uåq��X²��O\
Jp.
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~10.3.1

dR�ó�¼êglm()¦�β0Úβ1�ML�O

β̂0 = −3.05970, β̂1 = 0.16149,

�[Ü�logistic£8¼ê

π̂(x) =
exp(−3.05970 + 0.16149x)

1 + exp(−3.05970 + 0.16149x)
, (10.11)

éu?¿�½�x,Ñk

β1 = logit(π(x + 1))− logit(π(x)) = ln
(

π(x + 1)

1 + π(x + 1)
/

π(x)

1 + π(x)

)
,

�gCþO\��ü �`³'OR�ÏLβ̂1��§=�

ÔR = exp(β̂1) = 1.17526,

`²�XO�Å?§²�O\§35½�mS�¤?§?Ö�VÇ�¬Jp.
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~10.3.1

'�Logistic£8!probit£89cloglog£8�(J
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�wÑµLogistic[Ü­�Úprobit[Ü­��~�C,


cloglog[Ü­��kØÓ.
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Logistic£8�.�WLS�O(­E*ÿêâ)

�y1, · · · , yn´ém�ØÓ�gCþxi^�e�ng*ÿ, Ù¥é

Auxi*ÿ�nig,Pri�nig*ÿ¥a,��¯�Au)
gê.

u´,3gCþ�xi^�e,¯�Au)�VÇ�±^ªÇ

π̃i = ri/ni

5�O.(Ü(10.5),-

y∗i = ln
(

π̃i

1− π̃i

)
= x′iβ + εi, i = 1, · · · ,m. (10.12)

b�ε1, · · · , εm�pÕá,�E(εi) = 0ÚVar(εi) = vi.

�.(10.12)Ò´��[Üêâ(y∗i , xi)�É����5�..
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Logistic£8�.�WLS�O

evi®�,d�5�.��£(�Ö14Ù)�µT�.�BLU�O

�

β̂ =
(
X′V−1X

)−1 X′V−1y∗,

Ù¥

y∗ = (y∗1, · · · , y∗m)′, X = (x1, · · · , xm)′, V = diag(v1, · · · , vm)

éu���vi§�^Ù�O�O. vi���~^��O

v̂i =
1

niπ̃i(1− π̃i).
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Ö¿µvi ��O�í�

π̃i´���ªÇ.d¥%4�½n,�niªuÃ¡�,k

√
ni(π̃i − πi)→ N(0, πi(1− πi)).

dug(z) = ln(z/(1− z))����ê�3,�

g′(z) =
dg(z)

dz
=

1
z(1− z)

,

u´,A^Delta�{�y�µ�ni →∞�,k

√
ni(logit(π̃i)− logit(πi))→ N

(
0,

1
πi(1− πi)

)
.

Ïd,�min{n1, · · · , nm}¿©��,�@�y∗i���vi Cq�

1/(niπi(1− πi)),u´��vi����Ov̂i.
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Logistic£8�.�WLS�O

5 �ri = 0½ni�, π̂i = 0½π̂i = 1,d�,��logit = ln(π̃i/(1− π̃i))

Òvk½Â.Ïd§A^¥~æ^?���logit§=

ln ((ri + 0.5)/(ni − ri + 0.5)) .
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Logistic£8�.��O

~10.3.2 (RaoÚToutenbuig( 1995) )
�	ß¸øáY�c#X�'X.êâ�eL.

Table: 5× 2�ªê�éL

ß¸øáY
i c#|(X) ´(Y = 1) Ä(Y = 0) ni·
1 < 40 4 70 74
2 40− 49 28 147 175
3 50− 59 38 207 245
4 60− 69 51 202 253
5 ≥ 70 32 92 124

n·j 153 718 871
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~10.3.2

) Äké�éL?1χ2 Õá5u�ÚWilksÄuq,'�G2 Õá

5u�. O��χ2 = 15.5575ÚG2 = 17.2489,�L�χ2
4(0.05) =

9.4877,Ïd§ü�u�ÑL²ß¸øáYÚc#Xk'.

æ^Logistic£8�.[Üêâ. �ìúª

y∗i = logit(π̃i) = ln
(

π̃i

1− π̃i

)
= ln

(
n1i

n2i

)
,

v̂i =
1

ni·π̃i(1− π̃i)
=

1
ni·(ni1/ni·)(1− ni1/ni·)

=
ni·

ni1ni2
,
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~10.3.2

Table: �|(y∗i , v̂i)��

i c#|(X) π̃i = ni1
ni·

y∗i = ln
(

ni1
ni2

)
v̂i

1 < 40 0.0541 -2.8622 0.2643
2 40− 49 0.1600 -1.6582 0.0425
3 50− 59 0.1551 -1.6951 0.0311
4 60− 69 0.2026 -1.3764 0.0246
5 ≥ 70 0.2581 -1.0561 0.0421

éLogisticC���êây∗,æ^��©Û�.µ

ln
(

ni1

ni2

)
= y∗i = µ+ αi, (10.13)

Ù¥αi�1i|�A,÷v�å^�
∑5

i=1 αi = 0.
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~10.3.2

/Ïuy∗i�ìC5��é�.ëê?1íä. Xu�ß¸ø

áY�c#X´Äk',Ò�duu�b�

H0 : α1 = · · · = α5 = 0 (10.14)

´Ä¤á. 5¿�(10.14)�du

H0 : Cµ = 0,

ùpµ = (µ1, · · · , µ5), µi = µ+ αi,

C =


1 −1 0 0 0

0 1 −1 0 0

0 0 1 −1 0

0 0 0 1 −1

 .
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~10.3.2

|^y∗�ìC��5Ú���þ�5C��5�, H0¤á�,é

u���min{ni·},�Cq@�

Cy∗ ∼ N4(0,CVC′),

χ2 = y∗′C′(CV̂C′)−1Cy∗ ∼ χ2
4.

O��ÚOþχ2 = 14.1319 > χ2
4(0.05) = 9.4877, Ïd, áý�

b�H0, @�ß¸øáY�c#Xk'. �Aéìα2 − α1��&

Xê�95%��&«m�

y∗2 − y∗1 ∓ z0.025(v̂1 + v̂2) = [0.6027, 1.8053].

�lL4ØJuyµ�Xc#ã�þ,, y∗i = logit(π̂i)O�.
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~10.3.2

Uìc#|¥:(½þ>.~5½e>.\5)½Â|�²þc#,

Px = (35, 45, 55, 65, 75)′.ïáLogistic£8�.

ln
(

π̂i(xi)

1− π̂i(xi)

)
= β0 + β1xi, i = 1, · · · , 5. (10.15)

Äk^y∗O�nØlogit�,O��ëêβ0 Úβ1 �WLS�Oµ

β̂0 = −4.4541, β̂1 = 0.0479.

u´logit(π(xi))�[Ü�Úπ(xi)��O�©O�

ŷ∗i = −4.4541 + 0.0479xi, π̂(xi) =
exp(ŷ∗i )

1 + exp(ŷ∗i )
.

?�Ú���O�ªê(ni·π̂i(xi)).
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~10.3.2

Table: *ÿ(JÚ[Ü(Jé'

xi y∗i ŷ∗i ni1/ni· π̂(xi) ni.π̂(xi) ni1

35 −2.8622 −2.7776 0.054 0.059 4.366 4
45 −1.6582 −2.2986 0.160 0.091 15.925 28
55 −1.6951 −1.8196 0.155 0.139 34.055 38
65 −1.3764 −1.3406 0.202 0.207 52.371 51
75 −1.0561 −0.8616 0.258 0.297 36.828 32

�Ologit�ŷ∗i ���logit�y∗i!�O�VÇπ̂(xi)���ªÇ

ni1/ni·!�O�ªêni·π̂i(xi) �*ÿ��ªêni1 üüÑé�C,

ù`²^Logistic£8�.[Üß¸øáY�c#X�'X´Ü

·�.
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Logistic£8�.e�u�

1. ü�£8Xê�wÍu�: Waldu�

u�¯K�

H0 : βk = 0←→ H1 : βk 6= 0.

�/Ïu4�q,�O�ìC5�,����Cqu�ÚOþ

z =
β̂k

v(β̂k)
,

Ù¥v(β̂k)�Ý

(

X′W(β̂)X
)−1
�1k+1�é��, k = 1, · · · , p−

1.�|z| ≥ zα/2 �§áýH0,ÄK�ÉH0.

R§S¥¼êglm()g�ù�u�.
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Logistic£8�.e�u�

2. õ�£8XêÓ��"�u�: q,'u�

u�¯K�

H0 : βq = · · · = βp−1 = 0, H1 : βq, · · · , βp−1Ø��".

PβR = (β1, · · · , βq−1)′, XR = (1,X1, · · · ,Xq−1)′.

q,'u��u�ÚOþ

G2 = −2 ln
(

LR

LF

)
, (10.16)

Ù¥LR, LF©O�~�.Ú��.e�q,¼ê���.

éu���n,�H0¤á�§G2CqÑlχ2
p−q,�H0�áý��

G2 ≥ χ2
p−q(α).
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Logistic£8�.e�u�

3. Logistic£8�.�[Ü`Ýu�

u�b�

H0 : E(Y) =
1

1 + exp(−X′β)
←→ H1 : E(Y) 6= 1

1 + exp(−X′β)
.

�!Ì�0�n«~��u��{µ

��Ök�u� £·^uõ�­E*ÿêâ¤

 �[Ü`Ýu� £·^uõ�­E*ÿêâ¤

Hosmer-Lemeshowu� £·^u�­E½�­E*ÿ¤
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Logistic£8�.e�u�

Pearsonk�[Ü`Ýu�
b½gCþkc�|Üx1, · · · , xc, yij, i = 1, · · · , nj, j = 1, · · · , c,
´�ACþY3gCþxje�1ig­EÕá*	(yij = 1½0), nj

L«gCþxjeY~ê. u´,k

Oj1 =

nj∑
i=1

yij = y·j ∼ B(nj, π(xi)),

Oj0 =

nj∑
i=1

(1− yij) = nj − y·j, j = 1, · · · , c.

XJLogistic�.Ü·,K

E(Oj1) = njπ(xj) =
nj

1 + exp(−x′jβ)
.
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Logistic£8�.e�u�

u´,3gCþxjeyij = 1Úyij = 0�²þ�ê�©Od

Ej1 = njπ̂(xj) =
nj

1 + exp(−x′jβ̂)
, Ej0 = nj − Ej1

5�O,Ù¥, β̂�β�4�q,�O.

Pearsonk�[Ü`Ýu�ÚOþ

χ2 =

c∑
i=1

1∑
k=0

(Oj0 − Ej0)2

Ejk
,

�c > p�minj{n·j}���,§Cqχ2
c−p©Ù.

5 Pearson k�[Ü`Ýu��·ÜgCþ�|xje­E*ÿg

ên·jÑ'����/§���þØ���>&é�u�(J.
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Logistic£8�.e�u�

 �[Ü`Ýu�

PLogistic£8�.Ú�~�.�

E(yij) =
1

1 + exp(−x′jβ)
,

E(yij) = πj, j = 1, · · · , c.

1���.q�¡��Ú�.(saturated model). KLogistic£

8�.��Ú�.e�ACþ�q,'ÚOþ�

G2 = −2(ln LR − ln LF)

= −2
c∑

j=1

(
Oj1 ln

(
π̂(xj)

π̃j

)
+ (n.j − Oj1) ln

(
1− π̂(xj)

1− π̃j

))

Ç�_ (BJUT) Chap10µlÑ�ACþ�. 61 / 90



Logistic£8�.e�u�

Ù¥LR, LF©O�[Ü�Logistic£8�.��Ú�.q,¼ê,

π̂(xj) =
1

1 + exp(−x′jβ̂)
, π̃j =

Oj1

n.j
.

ùp, β̂�β�4�q,�O.

¡ÚOþG2� �(deviance), �¡Logistic�. �[Ü`Ýu�

ÚOþ.

dq,'ÚOþ3H0e�5�µ�c > p�minj{n·j}���, u

�ÚOþG2CqÑlgdÝ�c− p�χ2©Ù,�H0�áý��

G2 ≥ χ2
c−p.
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Logistic£8�.e�u�

Hosmer-Lemeshow[Ü`Ýu�

Ú½Xeµ

(1) �â[Ü�π̂(xj)égCþ?1©|¶

(2) òπ̂(xj)�C�½�â

logit(π̂(xj)) = xjβ̂

���gCþ©¤5 –10|¶

(3) ,�æ^Pearsonk�[Ü`Ýu��u�.

T[Ü`Ýu�Ì�´�égCþxjevk­E(n·j = 1)½­E*ÿ

ên·j����/JÑ�.

Ç�_ (BJUT) Chap10µlÑ�ACþ�. 63 / 90



Logistic£8�.��ä

b�ÏCþ=�0Ú1ü��,Ó�gCþxi^�evk­Eÿþ

Ú*ÿ,¿P(yi, xi) i = 1, · · · , n�*ÿêâ8, β̂�Logistic£8

�.eβ�4�q,�O.

Logistic£8ÊÏí�

êi = yi − π̂i =

{
1− π̂i, yi = 1,

−π̂i, yi = 0,
(11.1)

Ù¥

π̂i = π̂(xi) =
1

1 + exp(x′iβ̂)
.
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Logistic£8í�

Logistic£8�Pearsoní�

rpi =
yi − π̂i

π̂i(1− π̂i)
. (11.2)

=Ò´ÊÏí�Ø±yi�IO��O
√
π̂i(1− π̂i).

�Pearsonk�[Ü`Ýu�ÚOþ�'X

χ2 =

c∑
j=1

(Oj0 − Ej0)2

Ej0
+

c∑
j=1

(Oj1 − Ej1)2

Ej1
=

n∑
i=1

(yi − π̂i)
2

π̂i(1− π̂i)

=

n∑
i=1

r2
Pi
.
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Logistic£8í�

Logistic£8�Æ)zPearsoní�

rsPi =
rPi

1− hii
, (11.3)

ùpwii �lfÝ


H = Ŵ1/2X(X′ŴX)−1XŴ1/2

�1ié��, Ŵ = diag(π̂1(1− π̂1), · · · , π̂n(1− π̂n)).

�Ä�Pearsoní�¥^
√
π̂i(1− π̂i)�OIO�

√
πi(1− πi)¤Úå

��ÅÅÄ,Æ)zPearsoní�´��í�êi����Ð�IOz,

§´òêiØ±ÙIO��Cq�O
√
π̂i(1− π̂i)(1− wii).
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Logistic£8í�

Logistic£8� �í�(deviance residual)

devi = sign(êi) (−2(yi ln π̂(xi) + (1− yi) ln(1− π̂(xi))))
1/2 , (11.4)

Ù¥êi = yi − π̂(xi)��©í�½�Aí�.

�Logistic£8� �[Ü`Ýu�ÚOþ�'X

G2 =− 2
n∑

i=1

[
yi ln

(
π̂i

yi

)
+ (1− yi) ln

(
1− π̂i

1− yi

)]

=− 2
n∑

i=1

[yi ln (π̂i) + (1− yi) ln (1− π̂i)] =

n∑
i=1

dev2
i = DEV,
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Logistic£8í�ã

ü«í�ã:

�LOWESS²w­��í�-�OVÇÑ:ã

LOWESS:ÛÜ\�£8£Locally Weighted Scatterplot Smoothing¤

Äu �í�����(half-normal)VÇã.

���©ÙVÇã´Äu �í�ýé�

|dev1|, · · · , |devn|

�üSÚIO��©Ù© êµ

Φ−1((k + n− 1/8)/(2n + 1/2)).

��[�ä(simulation envelope)

Ø��5�., Logistic£8�í�ã��^Ì�´^u�*µd�
.[Ü´ÄÜ·.
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��[�ä� í�ýé�����VÇã

äNÚ½Xe:

(I)éz�i,lü:©ÙB(1, π̂i)�ÅÄ�ysi, i = 1, · · · , n;

(II) ^�[Ä��n��ACþÚ�gCþxi�Logistic£8§O� �í

�devsi,¿éÙýé�üSµ

|dev|s(1), · · · , |dev|s(n);

(III) ­EÚ½(I)Ú(II) Sg, kl1�n�gO��:3S g­E¥¤��í�ý

é�8Ü{|dev|s(k), s = 1, · · · , S}����max |dev|s(k)!���min |dev|s(k)§

²þ�|dev|s(k);

(IV)x±eÑ:ã:

�[þ>.
(

Φ−1((k + n− 1/8)/(2n + 1/2)), max |dev|s(k)

)
, k = 1, · · · , n,

�[e>. (Φ−1((k + n− 1/8)/(2n + 1/2)), min |dev|s(k)), k = 1, · · · , n,

�[þ�� (Φ−1((k + n− 1/8)/(2n + 1/2)), |dev|s(k), k = 1, · · · , n,

�.í�Ñ:ã (Φ−1((k + n− 1/8)/(2n + 1/2)), |dev|(k)), k = 1, · · · , n.
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Logistic£8K�©Û

£OrK�:�n«Ýþ�{µ

∆χ2
i = χ2 − χ2

(i),

∆devi = DEV− DEV(i),

Di =
rPihii

p(1− hii)2

Ù¥χ2ÚDEV©O�Pearsonk�ÚOþÚ �ÚOþ,

χ2
(i)ÚDEV(i)©O����K1ig*ÿ�¤O���A��,

Di ��.y∗i = xiβ + εi, i = 1, · · · , n �êâÚ�K1ig*ÿ�

êâ[Ü��Cookål,ùp,

y∗i = ln (π̂i/(1− π̂i)) .
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�AVÇ�íä

3Logistic�.(10.5)e, π(xi)�ML�O�

π̂(xi) = 1/[1 + exp(−x′iβ̂)],

Ù¥β̂�β�4�q,�O.

��BA^,~æ^��ã(alignment diagram)q¡

ì#(nomogram) ãòLogistic£8�Àz, =òE,�£8�

§,=C��Àz�ã/
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Logistic£8�.e��&«m

logit(π(xi)),=x′iβ ��&Xê�1− α��&«mCq�[L,U],

L = x′iβ̂ − zα/2

√
x′i
(

X′W(β̂)X
)−1

xi, (11.5)

U = x′iβ̂ + zα/2

√
x′i
(

X′W(β̂)X
)−1

xi. (11.6)

π(xi))��&Xê�1− α��&«mCq�

[1/(1 + exp(−L)), 1/(1 + exp(−U))]. (11.7)

'um�:xi1 , · · · , xim?��AVÇπ(x)�Ó��&«m, ò�

¹3(11.7)¥LÚUS�© êzα/2�¤zα/2m=�.
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Logistic£8�O

Logistic£8�OÒ´Äu�O�u)VÇ

π̂(xnew)

Ú���½�K�(cutoff) c 5��O.

�O�{Xeµ

� π̂(xnew) > c�,K� Ynew = 1,

� π̂(xnew) ≤ c�,K� Ynew = 0.
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Logistic£8�O

'uK�c�ÀJ,Ì�k±en«�{µ

(1)ÀJc = 1/2.

·^uY = 0ÚY = 1��U,�Y = 0ÚY = 1�����d(cost)��;

(2) ÄuÉÁöó�A�(receiver operating characteristic,

ROC)­���ZK�À��{.

·Üu��´loN¥�ÅÄ��,�üa���d(cost)Cq����/;

(3)Äuk�VÇÚ���d�K�ÀJ.

·^u���Ø´�ÅÄ��éoN¥Y = 1ÚY = 0�U5kk�&E§é

üa���dØÓÝþ��/.
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Logistic£8�.e�u�

ÄuROC­���ZK�À��{.

Table: · Ý


ý¢�

Positive (Y = 1) Negative (Y = 0)

ýÿ�
Positive (Ŷ = 1 ) TP FP
Negative (Ŷ = 0) FN TN

Ù¥TP�L�.©a¥ý�5���êþ;
FP�L�.©a¥b�5���êþ;
TN�L�.©a¥ýÒ5�5��êþ;
FN�L©a¥bÒ5�5��êþ.
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Logistic£8�.e�u�

O�ý�5Ç(true positive rate, TPR),ýÒ5Ç(true negative
rate, TNR)±9bÒ5Ç(false negative rate, FNR)µ

TPR = TP/(TP + FN) = sensitivity(se),

TNR = TN/(TN + FP) = specificity(sp),

FNR = FN/(TN + FP) = 1− TNR

TPRÚFNR�XK��Cz
Cz¶

ROC­�Ò´�XK��Cz,±1-spÚse©O�î¶Úp¶
±��­�¶

�ZK�:Ï~ÏLYouden�ê?1ÀJ§

Youden index = se− (1− sp) = se + sp− 1.
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Y~©Û

3��èxïÄ¥,�
N��«d¨fDÂ�;¾�u�¹,3�

�¢½�ü�«�S�ÅÄ�98�<. ÏL�!J¯JÑ�'¯K,

µ�CÏ´ÄÑy
�T;¾�'�,
A½wG, l
(½¦�

CÏ´Äa/
¤ïÄ�;¾. ïÄ¥��)n�®�½d3�º

xÏ�(gCþ).

c#(X1);

[Ì��¬²L/ :pÂ\!¥Â\Ú$Â\(n©aCþ);

���,[ÌÂ\a.d±eü�J[�ICþ(X2 ÚX3)L«.

¤Ø4�¢½«�(�©a, X4 = 0, 1 )
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Y~©Û

) æ^�¹¤kCþ�Logistic�.

πF = 1/[1 + exp(−β0 − β1X1 − β2X2 − β3X3 − β4X4)] (11.8)

[Üêâ. T�.�O��dR�ó¥�¼êglm()½lrm()�¤.
l±þ(J��β�ML�O:

β̂ = (−2.31293, 0.02975, 0.40879,−0.30525, 1.57475)′.

l
�[Ü�Logistic�A¼ê

E(Y = 1) = π(X) = (1 + exp(−X′β̂))−1
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Y~©Û

�4�gCþ�g�`³'µ

ÔR1 = exp(β̂1) = 1.0302, ÔR2 = exp(β̂2) = 1.5050,

ÔR3 = exp(β̂3) = 0.7369, ÔR4 = exp(β̂4) = 4.8295,

ML�Oβ̂�ìC���
��O:

S = (X′W(β̂)X)−1

=


0.4129 −0.0057 −0.1836 −0.2010 −0.1632
−0.0057 0.0002 0.0011 0.0007 0.0003
−0.1836 0.0011 0.3588 0.1482 0.0129
−0.2010 0.0007 0.1482 0.3650 0.0623

 .
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Y~©Û

±þ(Jw«µβ2 Úβ3ØwÍ.
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Y~©Û

æ^q,'u�5u�b�

H02 : β2 = β3 = 0←→ H12 : β2 Ú β3 Ø��" .

O�q,'u�ÚOþ

G2 = −2(̂lR − l̂F) = −2[−51.130− (−50.527)] = 1.206,

ÚOþ�P��P(χ2
2 ≥ G2) = 0.55.

3u�Y²α = 0.05e�ÉH02. qduX2ÚX3´[ÌÂ\Cþ

�ü�Y², ��@�a/¤ïÄ�;¾�VÇ�c#Ú¤3
¢«k',�[ÌÂ\?O�'5ØwÍ.
nÜWaldu�Úq,'u��(J,��.:

πR = [1 + exp(−(β0 + β1X1 + β4X4))]−1.
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Y~©Û

æ^AICÚBICOKCþÀJ�(J���.:

πR = [1 + exp(−(β0 + β1X1 + β4X4))]−1.

ÄuÀ�.��ÛÜ\�1w­��o«í�ã.

·�ÀJ�äk¢S¿Â�Æ)zPearsoní�rsPiÚ �devi,

©O�éπ̂i Úlogit(π̂i)�í�ãÚ�A�ÛÜ\�1w­�.

l¥�±wÑüaí�ÃØ'uπ̂iÚ�´logit(π̂i)�ÛÜ\�

1w£8, ¤���Lowess­���Ñ�@�´��Ç�åÑ

�0����C,`²vk¿©�ndáýÀ�..
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Y~©Û
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Y~©Û
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si
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s

��[�ä� �í�ýé�����VÇã. du�.� �í�Ñ:�

Ü©�C�[þ��, Ïd@�¤À�Logistic�.´·Ü�. ¦+�3�O

:�C�[�ä�þ>.,E3�äS,Ïd,�±@�É~�:ØwÍ.
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i , ∆devi, CookålDiÚm\�h(ii)��ÉØ�.
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Y~©Û

Ïd�ªæ^��.�

logit(π) = −2.33515 + 0.02929X1 + 1.67345X4.

�����Ø43«�2�c#�20��Ø¬a/ù«;¾�

VÇ�π̂ = 0.481,�5ýÿÏf(linear predictor)�

Logit(π̂) = −0.0759.

��BA^, A^¥òLogistic£8�.�VÇπ(X1,X4)���

��¤
�Àz���ã. ��t����AVÇ.
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Y~©Û

X1 = 20, X4 = 1, o�©=25+71=96; ;¾�uýÿVÇ��0.48�m; �5
ýÿÏf��3−0.08.
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Y~©Û

3:X1 = 20ÚX4 = 1?, logit(π̂) = x′β̂�����Cq�O�

s2 = x′(X′WX)−1x = 0.1193459,

Ù¥x = (1, 20, 1)′. d(11.5)Ú(11.6)��logit(π) ��&Xê

�95%��&«mþe.µ

L = −0.0759000− 1.960×
√

0.1193459 = −0.7530109,

U = −0.0759000 + 1.960×
√

0.1193459 = −0.6012109.

d(11.7)í�T:�AVÇπ ��&Xê�95%��&«m�

[0.320, 0.646].
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Y~©Û

ÄuLogistic�.: π = 1/(1 + exp(−β0 − β1X1 − β4X4))��O.
òêâ8�Å©¤Ôö8ÚÿÁ8,��þ©O�69Ú29. ��
ÄuLogisticÀ�.�O�ROC­�ã

ROC Curve

1 − Specificity

S
en

si
tiv

ity

0.0 0.2 0.4 0.6 0.8 1.0
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0.
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8
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0
0.164 (0.722, 0.909)
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Y~©Û

O�ROC­�e¡È(area under curve, AUC), AUC =0.8864.
Äu��.�O�AUC= 0.846 < 0.8864. Ïd, l�O��Ý
`²
À�.`u��..

�ZK�:�c∗ = 0.164,

se = P(ŷ = 1|Y = 1) = P(π̂ > 0.164 | Y = 1) =
10
11

= 0.909,

1− sp = P(ŷ = 1|Y = 0) = P(π̂ ≤ 0.164 | Y = 0) =
13
18

= 0.722,

Youden index = se− (1− sp) = 0.909− 0.722 = 0.187.

��VÇ�1− 0.187 = 0.813

5 I�Ôö��ÚI�Ôö8ÚÿÁ8���þÑv
�, ÄKÄuLogistic�

.�ýÿ/�O¬duÙ�Øýÿ/�OVÇL�
C�Ã^.
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