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£8�ä

£8�äµ�	�.¯kb½^�´Ä¤á,¿�Ñ?n�{

�.´�5�

yi = β0 + xi1β1 + · · ·+ xi,p−1βp−1 + ei, i = 1, 2, · · · , n.

Ø��÷vØ�'!���5!��5

Gauss-Markovb�: E(e) = 0, Cov(e) = σ2In

ëê�«m�OÚb�u�e ∼ Nn(0, σ2In).

gCþ´��Å!ÃÿþØ�!�5Ã'�

¤k*ÿ(yi, xi1, · · · , xip−1)´5gÓ�oN!�Ó�­�
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£8�ä

í�©Û

�gCþ��5'Xµ

Ø���5: e ∼ Nn(0, σ2In)

Ø���à5: Cov(e) = σ2In

Ø�S��'5Cov(ei, ei+k) 6= 0

K�©Û

pm\:�ä

É~��ä

rK�:�ä

gCþ�E��5
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í�©Û

í�©Ûµ/Ïuí�5�	Ø�b�^��Ün5.

�5£8�.

y = Xβ + e, E(e) = 0, Cov(e) = σ2In.

n«~^�í�µ

(1) ÊÏí�: =ÊÏ���¦í�

ê = (ê1, · · · , ên)′ = y− Xβ̂ = (In − PX)y = (In −H)y,

Ù¥êi = yi − x′iβ̂,ùpxi�X�X�1i�1�þ.

ÏHòyC¤Ù/�lf"�[Ü�ŷ = Hy = Xβ̂ �¡H�lfÝ
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½n6.4.1
3Gauss-Markovb�e,í�kXe(Ø.

(1) eE(ê) = 0,KCov(ê) = σ2(In −H);

(2) Cov(ŷ, ê) = 0,�í�ê�[Ü�ŷØ�';

(3) 1′nê = 0;

(4) ee ∼ Nn(0, σ2In),Kê ∼ N(0, σ2(In −H))��ŷÕá.

=¦Ø����Ø�'Cov(e) = σ2In,í���'�Ø���

Var(êi) = σ2(1− hii), Cov(êi, êj) = σ2hij (i 6= j)

Ù¥hii�lfÝ
H�1i�é���.
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IOzí�

duÊÏí�êi���σ
2(1 − hii)�hiik', *dØ��, Ïd,

ØU��ÏL'�í�êi5�ä�.Ø�´Ä���.

éÙ?1IOz,¿^σ̂O�σ,�

(2) IOzí�

ri =
êi

σ̂
√

1− hii
, i = 1, · · · , n,

Ù¥

σ̂ = (‖y− Xβ̂‖2/(n− p))1/2.

�¡ri�SÆ)zí�( internally standardized residual).
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½n6.4.2
ee ∼ Nn(0, σ2In),K

(1) r2
i /(n− p)Ñlëê�1/2Ú(n− p− 1)/2�Beta©Ù§P�

r2
i

n− p
∼ Beta

(
1
2
,

n− p− 1
2

)
;

(2) E(ri) = 0, Var(ri) = 1,�

Cov(ri, rj) = −
hij√

(1− hii)(1− hjj)
, i 6= j.

Ï�Cov(ri, rj) ��Ñé�§¤±�Cq/@�ri ÚrjØ�'¶

�n���,�±Cq/@�ri�pÕá�ÑlN(0, 1).
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IOzýÿí�

(3) IOzýÿí�

r∗i =

√
1− hiie∗i
σ̂(i)

=
êi

σ̂(i)
√

1− hii
(6.17)

�¡	Æ)zí�(externally studentized residual).

Ù¥, e∗i = yi − x′i β̂(i) �xi?�ýÿí�,

β̂(i) = (X′(i)X(i))
−1X′(i)y(i), σ̂2

(i) =
‖y(i) − X(i)β̂(i)‖2

(n− p− 1)
,

ùp, y(i)ÚX(i) ©O�GØ1i�*ÿ��A�(n − 1) × 1ÏCþ*ÿ�þ

Ú(n− 1)× p�O
.

β̂(i) Úσ̂
2
(i) ��.y(i) = X(i)β(i) + e(i)eβÚ��σ2�LS�O.
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½n6.4.3
IOzýÿí�r∗iÚIOzí�rikXe'Xµ

r∗i = ri

√
n− p− 1
n− p− r2

i
;

(2) XJe ∼ Nn(0, σ2In),K

r∗i ∼ tn−p−1.

�±©Oæ^R�ó¥�¼êO�£8�.�í�µ

ÊÏí�µ¼êresiduals()

IOzÆ)z(SÆ)z)µ¼êrstandard()

	Æ)zí�µ¼êrstudent()
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í�ã

¤¢í�ãÒ´±,«í��p�I, ±?ÛÙ¦�þ�î�I�

Ñ:ã.

î�Ikõ«ÀJ§Ù¥�~��n«ÀJ:

ÏCþY�[Ü�(fitted value)§�¡ýÿ�(predicted value)¶

gCþxj, j = 1, · · · , p− 1¶

ÏCþ�*ÿ�m½*ÿSÒ£�mS��/¤.

ùnaí�ã©Oý­u�	�ÅØ����5Ú���5¶üCþ�
�55¶Ø�Ø�'5�b½.
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í�ã

IOzí��ÏCþ[Ü��Ñ:ã:

��5 ee ∼ Nn(0, σ2In),

K�n���, �Cq/@

�ri�oNN(0, 1)��|{ü

�Å��. ���Ak95%�

:(ŷi, ri), i = 1, · · · , n, á3Y

²�|ri| ≤ 2«�S,�Ø¥?

Û�ª³,Xã(a)
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í�ã

IOzí��ÏCþ[Ü��Ñ:ã:

���5 �Ø�ei���Ø��

��§í�ãò��'u��r =

0¥yþeé¡�k�½�ª³.

ã(b):Ø��ŷi�O�kO\�ª

³¶ã(c): Ø����ŷi�O�


~�¶ã(d):é��½���ŷi,

Ø��� �,
é¥����ŷi,

Ø��� �.
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í�ã

IOzí��ÏCþ[Ü��Ñ:ã:=(ri, ŷi)Ñ:ã

�55 �í�ã¥y�½

ª³�§ã(e) Ú(f)L²£8

¼ê�U´��5�, ½¦K


��½õ�­��£8g

Cþ��g�½���, ½Ø

�ei�mk�½�'5.

Ä¾áuÛ«�¹, �I�?

�Ú��ä.
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í�ã

±gCþ�î�I�í�ãµ =(xij, ri), (1 ≤ i ≤ n)Ñ:ã

3��b�e§IOzí��z�gCþÑ´Ø�'�. eTb�

¤á§ã¥�:A�ÅÑÙ, eÑ:ãk?Û�EO��ªÑL²

ù
b��UØ¤á.

XJ¥yXã(a)�Y²�G, K`²'ugCþXj�Y��5b

�Ün¶

XJ¥yã(b)½(c)½(d)�/G§K`²Ø���Ø���§�

É�CþXj�K�¶

XJ¥yã(e)½(f)�/G§KI�3�.¥O\gCþXj�p

g�§½I�éÏCþY�C�±���5'X.
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í�ã

±�m�î�I�í�ãµ

b�y1, · · · , yn´ÏCþY©O´3t1, · · · , tn���*ÿ�, K���

mt½*	SÒ�î�I, �E(ti, ri)½(i, ri)�í�ã, ^5u�Ø�

�Õá5b�.

�Ø�´Õá�,ù
:AT�Å©Ù3�^L"�Y²�G«

�S,��§K¬¥y�½ª³.

3²L!û�¯K¥,Ø�ei  g�',X��g�'µ

ei = ρei + ui,

ùpui
i.i.d.∼ N(0, σ2), ρ(|ρ| < 0)´g�'ëê.
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í�ã

�ρ > 0, =��'�, í�ÎÒäk/8ì05§=k�ã�

´�Ò§,�ã�´KÒ§í�ÎÒ�UCØª�§X�ã.

�ρ < 0, =K�'�, í�ÎÒ��k�K���ª³§ÎÒ

UC�~ª�,Xãm.
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í�ã�R§S

plot(x, which = 1:6, caption = c("Residuals vs Fitted",

"Normal Q-Q plot", "Scale-Location plot", "Cook’s distance plot")

panel = points, sub.caption = deparse(x$call), main = "",

ask = prod(par("mfcol"))<length(which)&&dev.interactive(),

id.n = 3, label.id = names(residuals(x)), cex.id = 0.75)

Ù¥x´dlm)¤�é�§which´1-6��Ü½,�f8§1L«±�ÊÏí

��[Ü��í�ã¶2L«±�í��QQã¶3L«±�IOzí�ýé

��m��[Ü��í�ã¶4L«±�Cook ålã¶5L«IOzí�é

m\ã¶6L«Cookålém\ã
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��5�ä

í��Q-Qã

={(q(i), ê(i))Ñ:ã,Ù¥ê(i)L«í�êi�gSÚOþ,

q(i) = Φ−1
(

i− 0.375
n + 0.25

)
, i = 1, · · · , n,

ùpΦ(x)�IO��N(0, 1)�©Ù¼ê, Φ−1(x)�Ù�¼ê.

eei(i = 1, · · · , n)Ñl��©ÙN(0, σ2)§K:{(q(i), ê(i)), i = 1, · · · , n} A3

�^��NC.Ïd§eí�Q-Qã¥:���ª³²wØ3�^��þ,K

knd~¦éØ����5b��Ün5.

R�ó¥§�^¼êplot(model, 2)±�í��Q-Qã

Ç�_ (BJUT) Chap6µ�5£8�. 21 / 162



��5�ä

Shapiro-Wilku�

q¡Wu�,´dShapiroÚWilk(1965)Äu£8Ú�'JÑ�.

Pu = (u1, · · · , un)′ ´�ÅCþU�^S���*ÿ�þ.

XJU ∼ N(µ, σ2),K

ui = µ+ σmi + εi, i = 1, · · · , n,Cov(εi, εj) = σ2vij,

ùpm = (m1, · · · ,mn)′ÚV = (vij)©O�n�IO���ÅCþ

�^SÚOþ�Ï"�þÚ���
.

é¡©Ùe, m′V−11n = 0,T�.eσ�BLU�O�

σ̂ = m′V−1u/(m′V−1m).
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��5�ä

Shapiro-Wilku�

Ò´u�£8�§ui = µ+ σmi + εi�wÍ5,u�ÚOþ

W =
(m′V−1m)2σ̂2

(m′V−2m)S2 =
(
∑

i aiui)
2∑

i(ui − ū)2

ùpū =
∑

ui/n, a = (a1, · · · , an)
′ = V−1m/

√
(m′V−2m), S2 =

∑2
i=1(ui −

ū)2/(n− 1). �ya′a = 1, W ≤ 1.O�Ñ�W���C1§��Ñl��©Ù

��U5��.

R^�¥¼êshapiro.test()JøWÚOþÚ�A�p�.

Ø��þeØ����*ÿ�,/ÏuLSí��þê�u�

Shapiro-Wilku�·^u���n ≥ 7
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HaldYYêâ~f

~HaldYYêâ�BICCþÀJ�(Jµæ^�.Y = β0 + X1β1 +

+X2β2 + e. �~é�.��ÅØ�?1��5u�.

æ^R�ó¥�¼êplot()±�í�ãÚí��Q-Qã.

lm.reg <- lm(Y ∼ X1+X2, data = data1) ][ÜBICÀ�.

plot(lm.reg,1) ]±�í�ã

plot(lm.reg, 2) ]±�Q-Qã
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lm(Y ~ X1 + X2)

Q−Q Residuals

6

11

13

í�ã: �.�í��Ñ3[-2,2]�m§��Y�[Ü�vk²w���ª³;

Q-Qã: ��±wÑ:{(q(i), ê(i)), i = 1, · · · , 13} ��3�^��þNC, Ï

d§�±ÐÚ�½�.Ø�Ñl��©Ù.
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æ^R�ó¥¼êshapiro.test()éí�?1Shapiro-Wilk��u

�.

shapiro.test(y.res) ]]��u�

Shapiro-Wilk normality test

data: y.res

W = 0.90527, p-value = 0.158

duShapiro-WilkÚOþW ��Cu1,Ùp-�=0.158 > 0.05,Ï

d§�É�.Ø����b�.

Ç�_ (BJUT) Chap6µ�5£8�. 26 / 162



É��5�ä

éu�5£8�.

y = Xβ + e, E(e) = 0, Cov(e) = Σ,

ÙØ��þe����
äkXe/ªµ

Σ =


σ2

1 0 · · · 0

0 σ2
2 · · · 0

...
...

...

0 0 · · · σ2
n

 ,

eσ2
1, σ

2
2, · · · , σ2

nØ���,K¡�.�É���5£8�..
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É���K�

Ø�É���, LS�OE´Ã �,�Ø2k�.

ÄuLS�O�£8Xê�«m�O!b�u�±9ýÿ°Ý�

Ñ¬É�K�.

��k���{µ\����¦(weighted LS, WLS)�O

β∗ = (X′WX)−1X′Wy,

Ù¥W = Diag(w1, · · · ,wn)��Ý
. �

wi = 1/σ2
i , i = 1, 2, · · · , n

�®��,�y²c′β∗�c′β�BLUE.
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É��5�)��Ï

(1) �.¥¢¦
,
­��gCþ.
b��(��.�

yi = β0 + β1xi1 + β2xi2 + ei,

XJ¢¦
gCþxi2,K�½��.�

yiβ0 + β1xi1 + ei,

d�yi���g,�xi2k'.

Pxj = (x1j, · · · , xnj)
′, j = 1, 2. �½�.e�í��

ê = (̂e1, · · · , ên)
′ = (In − P1n:x1 )y = (In − P1n:x1 )(x2β2 + e),

�êi¬¥yÑ�Xxi2�Cz
Cz�ª³
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É��5�)��Ï

(2) êâ�ÿþØ�.

��êâ�*ÿØ�k�U�ïÄ���*�
O\§½��

m�í£ÅÚÈ\§��U�X*ÿEâ�Jp
ÅÚ~�.

X��.d)�¼ê�éê�.µ

yt = log A + αt log Kt + log Lt + εt,

Ù¥yt: 1t��,è�)�Uå�éê§Kt: 1t��Tè��]�§Lt: 1t�

�Tè��NÄå§εt: 1t��Ø]�ÚNÄå�Ù¦Ï�.

duØÓ�Ï�*ÿEâ!µdIOØÓ�¦è��Ý]�¸!+nY²Ú)�

5�£XLtÚKtO�¤�*ÿØ�ü$Úåεt lþ��§ÝØÓ§l
�)É�

�.
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É��5�)��Ï

(3) ©|êâ.

��^©|êâ�O�5£8�.  ¬�)É��5. ù´Ï�ØÓ|êâ  

É�ØÓ§Ý�ÅÏ��K�§¦��.Ø����  Ø�.

(4) �.�¼ê/ª�3�½Ø�.

X��.d)�¼ê�éê�.¥XJòyt��^1t��,è�)�Uå��,


Ø´Ùéê§K�.Ò¬�)É��.

(5) É~:��3�¬�)É��5.

(6) ��½õ�£8)ºCþ�©Ù´ �£skewness).
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���5£8�.å
ugCþÚÏCþ�éÜ©Ù���©Ù. b

�(Y,X′)′ ∼ Np(µ,Σ0),Ù¥

µ =

 E(Y)

E(X)

 =

 µY

µX

 , Σ0 = Cov

 Y

X

 =

 σ2
Y σY,X

σ′Y,X ΣX

 .

dõ����þ�^�©Ù5��

Y|X = x ∼ Nn(β0 + x′β, σ2),

Ù¥, β0 = µY − σ′Y,XΣ
−1
X µX, β = Σ−1

X σY,X,

σ2 = Cov(Y|X = x) = σ2
Y − σ′Y,XΣ

−1
X σY,X.

e�.¥gCþX�©Ù�¤ �©Ù§KÙ^����Cov(Y|X = x)Ò�U�g

Cþ�¼êσ2 = g(x),l
��É��.
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É��5u�

É��5u�¯K�¡���à5u�¯K§u���b��

H0 : σ2
1 = · · · = σ2

n = σ2.

~�����à5u��{:

(1)ã«u�{

^c¡0��í�ã

æ^X�Y�Ñ:ã:

w´Ä�3²w�Ñ:*�! �½E,5ª³

égCþX�LSí��²�ê2
i �Ñ:ã:

w´Ä/¤��Ç�"���

��.¥�¹õ�gCþ�§�égCþÅ�?1±þ�ä.
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É��5u�

(2) Spearman��'u�

Spearman� � ' u � � ¡ � ? � ' u �. d ? · � Ï

LSpearman��'Xê(rank correlation coefficient)&ÄØ��

�´Ä�6u,�gCþ,l
NyÉ��5´Ä�3.

O�í��ýé�|êi|�1j�gCþXj�Spearman��'Xê:

rs(j) = 1− 6
n(n2)

n∑
i=1

(R(|̂ei|)− R(xij))
2,

R(|̂ei|)ÚR(xij)©O�|êi|Úxij��,=|̂ei|Úxij©O3{|̂e1, · · · , |̂en|}

Ú{x1j, · · · , xnj}U,S£½üS¤ü��¤�S�¥� �.
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É��5u�

ÀJ�ýéí��Spearman��'Xê���gCþ¤éA

�Spearman��'Xêrs = max rs(j)�Etu�ÚOþµ

t =

√
n− 2rs

1− r2
s
.

éu�½�wÍ5Y²α, e|t| > tn−2(α/2), K@�Têâ�.

�3É��5,ÄK@�Ø����. A^¥�¦n > 8

R�óJø
Spearmanu�§S§¦^�ª�

lm1<-lm(y x1+x2, data=data1); e<-resid(lm1); abse<-abs(e);

cor.test(data$x1, abse, method="spearman" )

cor.test(data$x2, abse, method="spearman" )
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É��5u�

(3) Goldfeld-Quanadtu�

Tu��Ä�g��µò��©�üÜ©§,�©Oéü��

�?1£8,¿O�ü�f��í�²�Ú¤�¤�'�:

F =
SSE2/(n2 − p)

SSE1/(n1 − p)
=

SSE2

SSE1
,

eF > Fn2−p,n1−p(α),K@��3É��.

ù�u�I�÷vü�cJ^�µ�¦Cþ�*ÿ�����¶Ø


Ó��b½Ø¤á	§Ù§b½þ÷v.
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É��5u�

(4) ëêu��{

b½Ø���σ2
i�gCþxi÷v¼ê'Xµ

g(σ2
i ) = δ0 +

h∑
l

fl(xi)δl,

Ù¥g(·), f1(·), · · · , fh(·)�®��ëY¼ê.

u�H0 : σ2
1 = σ2

2 = · · · = σ2
n = σ2 �duu�

H0 : δ1 = δ2 = · · · = δh = 0.

^/Ïu9Ï£8�.: g(ê2
i ) = δ0 +

∑h
j fj(xi)δj +εi, i = 1, · · · , n

�T£8�§�wÍ5u�.
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É��5u�

~��2«ëêu��{µ

Breusch-Pagan (B-P) u� BreuschÚPagan(1979)JÑ9Ï

£8�.

ê2
i = δ0 + δ1xi1 + · · ·+ δpxi(p−1) + εi, i = 1, · · · , n.

Whiteu� B-Pu���«ÿÐ,9Ï£8:

ê2
i = δ0 +

p−1∑
j=1

δjxij +

p−1∑
j=1

p−1∑
l=j

δj,lxijxil + εi, i = 1, · · · , n,

d�§gdÝ�h = 2p + (p− 1)p/2.
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~6.4.2

~6.4.2
Têâ5g1974c{Ið�ª³,�, �)32ýð�£1973-

74±¤�hÑÚ10��¡�ð��OÚ5U, ·�ÀÏCþY (z

\ÕhU�õ�=p, miles/gallon, mpg), gCþ�X1 (��üþ,

displacement, disp)ÚX2(oêå, gross horsepower, hp).

æ^£8�.[Üêâ§�²�£8�§�

Y = 30.7359− 0.0303X1 − 0.0248X2.

²u�£8�§wÍ5,N��E�'Xê�0.7309. X2�£8

Xê�wÍ5u��P��0.074. (Ü¢Soêåéz\Õh

U�õ�=pkK��,�ò�3TCþ.
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~6.4.2

[Ü�ŷi!gCþX1 ( disp)ÚX2 (hp)�î¶�í�ã
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Czª³.
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~6.4.2

¦^R�ó�cor.test()¼ê�1í��X1 ÚX2 �Spearman�

�'u�

e<-abse(resid(model))

cor.test(mtcars$disp, abse, method=“spearman" )

cor.test(mtcars$hp, abse, method=“spearman" )

|êi|�X1�Spearman��'Xê�-0.3109

|êi|�X2�Spearman��'Xê�0.2572

3wÍ5Y²α = 0.05e,üSpearman�u��p�©O�0.0833,

0.1554 @�í��X1ÚX2��'5ÑØwÍ, ØUüØ�.Ø

�Ó��b�.

Ç�_ (BJUT) Chap6µ�5£8�. 41 / 162



~6.4.2

¦^Goldfeld-QuandtÉ��u�.

íØo*ÿ����20%. mtcarso�k32�*ÿ�, ÀJíØ

¥%7�*ÿ�.

¦^R�ó�lmtest�¥�gqtest()¼êµ

library(lmtest)

gqtest(model, order.by = disp+hp, data = mtcars, fraction = 7)

u�ÚOþ�P��0.486, �Tu��ØUüØ�.Ø�Ó�

�b�.
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~6.4.2

A^Breusch-Paganu�ÚWhiteu�
)É��(�

�¦^lmtest�¥�gqtest()¼ê,�A§SXeµ

bptest(model) ] Breusch-Pagan test

bptest(model, disp ∗hp + I(disp2) + I(hp2), data = mtcars) ] Whiteu�

ùü�u�ÚOþ��P�©O�0.1296Ú0.215, ��ØUü

Ø�.Ø�Ó��b�.

3��þ���, ~5ÚOu��{Ï~��u�Ñ�Å(Ø�¯

K, =3~^�wÍ5Y²α = 0.05 Ú0.01e, ��uØáý��.

Ïd,'u���e�u�¯K´����'5�k��\ïÄ.
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~6.4.2

~6.4.2�§S
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É��?n�{

(1) \�LS�O�{

β̂w = (X′WX)−1X′Wy,

ùp§W = diag(w1, · · · ,wn)��Ý
.

eσ2
i®�,K-

wi = 1/σ2
i , i = 1, · · · , n,

d�β̂w�BLU�O

σ2
i  ��, �/Ïu9Ï¼ê�.��σ2

i��O, σ̂2
i§-wi =

1/σ̂2
i ,���1�\����¦�O.

AO/,�^LS�Oí��²�êi5�Oσ
2
i .
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É��?n�{

(2) ��­½�C�

�E(Y) = µ, Var(Y) = σ2, σ = g(µ), ùpµ��, ¼êg(·)®�. ýÏ

éC�U = f (Y),¦�U����u½Cq�u¯k�½�~êσ2
u.

b�f ¼ê��§3Y = µNC�TaylorÐm,�

U = f (µ) + f ′(µ)(Y − µ). (6.18)

¦���σ2
u = Var(U) = (f ′(µ))2σ2.l


f ′(µ) =
σu

σ
.
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É��?n�{

È©�

f (µ) = σu

∫
dµ
σ

= σu

∫
dµ

g(µ)
,

u´¤¦�C��

U = f (Y) = σu

∫
dY

g(Y)
. (6.19)

d(6.19),N´í�e���­½zC�µ

eσ2 ∝ µ(1− µ),K�C�U = sin−1√Y;

eσ2 ∝ µ2,K�C�U = ln(Y);

eσ2 ∝ µ3,K�C�U = Y−1/2;

eσ2 ∝ µ4,K�C�U = Y−1.
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Y~©Û

3���éØÓ5��27[ó�è��ïÄ¥,ÚO
ó<êXÚÌ

+<êY. ·�F"ïÄü�Cþ�m�'X.

è� X Y è� X Y è� X Y

1 294 30 10 697 78 19 700 106

2 247 32 11 688 80 20 850 128

3 267 37 12 630 84 21 980 130

4 358 44 13 709 88 22 1025 160

5 423 47 14 627 97 23 1021 97

6 311 49 15 615 100 24 1200 180

7 450 56 16 999 109 25 1250 112

8 534 62 17 1434 114 26 1500 210

9 438 68 18 1015 117 27 1650 135
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Y~©Û

^{ü��5�.[Üêâ. b��.�

yi = β0 + xiβ1 + ei

A^R�ó¥¼êlm(),£8(JXeµ
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Y~©Û

(xi, yi)Ñ:ãÚ(ŷi, ri)Ñ:ã
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Y~©Û

lX-YÑ:ãÚ[Ü�-IOzí��Ñ:ã�uyµ

Ñ:ã�¥y¦ÌG,L²�.Ø�äkÉ��5.

éÏCþ�éêC�,C���.�

ln yi = β0 + xiβ1 + ei.

[Ü(JL²µC���.�[Ü�J�Ð, E�'Xê�²

�dR2 = 0.7328J,�R2 = 0.8767.

éêC�´£8©Û¥¦^��2��C���§duéêC�~~å�ü$ê

â�ÅÄ5�~�Øé¡5��^§�Uk��ØÉ��5. AO´�¤©ÛCþ

�IO��éuþ�
ó'���§ù«C�AOk^.
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Y~©Û

(xi, ln yi)Ñ:ãÚéê�.�í�ã
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Y~©Û

í�ãw«T�.e�í��Ñá3[−0.2, 0.2]S, ��[Ü�

�Czvk²w�ª³,ÙQ-Qãw«í�äk�Ð���5.

Shapiro-Wilk��u��y¢
ù:,u�ÚOþ

W = 0.96058, P� = 0.381.

�ó<êXÚÌ+<êY�'X�L«�Xe²�£8�§µ

ln(Y) = 2.818 + 3.242X∗ − 1.199(X∗)2,

Ù¥X∗ = (X/103)L«±Z�ü �ó<<ê.
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nÜ?nµBox-CoxC�

Á�êâ8(x′i, yi), i = 1, · · · , n,e²L£8�ä���,§�Ø

÷vGauss-Markov^�,·�Ò�éêâæ�“£�"��.

êâC�´?nk¯Kêâ��«Ð�{. êâC��{kõ

«,Ù¥�Í¶�Box-CoxC�.

Box-CoxC��nÜUõêâ

��5!é¡5!����5.
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Box-CoxC�

Box-CoxC�

Y(λ) =

 Yλ−1
λ , λ 6= 0,

ln Y, λ = 0,
(6.20)

ùpλ´���½C�ëê.

Box-CoxC�´�xC�,§�)
Nõ~��C�,ÃX

éêC�(λ = 0)

�êC�(λ = −1)

Ú²��C�(λ = 1/2)

'�¯KµXÛ(½λº
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Box-CoxC�

éÏCþ�n�*ÿ�y1, · · · , yn,A^Box-CoxC�,PC���

�þ�

y(λ) = (y(λ)1 , · · · , y(λ)n )′.

·��8�´(½C�ëêλ,¦�y(λ)÷v

y(λ) = Xβ + e, e ∼ N(0, σ2In).

Box-CoxC�´ÏLëêλ�ÀJ,��é�5êâ�/nÜ£n0,

¦Ù÷v�����5£8�.�¤kb�^�,=

y(λ) ∼ Nn(Xβ, σ2I).
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æ^4�q,�{5(½C�ëêλ.

é�½�λ, β Úσ2 �q,¼ê�

L(β, σ2) =
1

(
√

2πσ)n
exp

{
− 1

2σ2 (y(λ) − Xβ)′(y(λ) − Xβ)

}
J,

ùpJ�Jacobi1�ª�ýé�

J =

n∏
i=1

∣∣∣∣∣dy(λ)i
dyi

∣∣∣∣∣ =

n∏
i=1

yλ−1
i .

é�½�λ,´yβÚσ2�4�q,�O�

β̂(λ) = (X′X)−1X′y(λ), σ̂2(λ) =
1
n

SSE(λ, y(λ)),

ùpSSE(λ, y(λ)) = y(λ)′(In − X(X′X)−1X′)y(λ).
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éA�q,¼ê����

L(β̂(λ), σ̂2(λ)) = (2πe)−n/2 · J ·

(
SSE(λ, y(λ))

n

)−n/2

.

Uìq,�n§·�ÀJ

λ = arg max
λ

L(β̂(λ), σ̂2(λ)) = arg min
λ

SSE(λ, z(λ))

Ù¥

z(λ) = (z(λ)1 , · · · , z(λ)n )′ =
y(λ)

J1/n
,

z(λ)i =


yλi

(
∏n

i=1 yi)(λ−1)/n
, λ 6= 0,

(ln yi)(

n∏
i=1

yi)
1
n , λ = 0.

(6.21)
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Box-CoxC��äNÚ½

1. é�½�λ�,|^(6.21)O�z(λ)i ¶

2. O�í�²�ÚSSE(λ, z(λ)) = z(λ)′(In − X(X′X)−1X′)z(λ);

3. é�X��λ�, ­EþãÚ½, �í�²�ÚSSE(λ, z(λ)) �

�X��, ±λ �î¶, �Ñ�A�­�. ^�*��{, éÑ

¦SSE(λ, z(λ))������:λ̂.

4. ¦Ñβ̂(λ̂).

5 Ú½3��±�¤éêq,¼êln Lmax(λ) �λ �A�­�,

é¦�ln Lmax(λ) �����λ̂. ù^­��±dR�ó¥¼

êboxcox()�Ñ.
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Box-CoxC��Y~

~6.4.4
�úi�
ïÄ�¬�E�üÑ, é�¬��È�¹?1
N�.
�YL«,/«T�¬�[Ì<þ	ïþ(ü :�), XL«[Ì<þ
Â\(ü :�). eLP¹
53�[Ì�êâ. ÁéYÚXï�.

i X Y i X Y i X Y

1 679 0.790 2 292 0.440 3 1012 0.560
4 493 0.790 5 582 2.700 6 1156 3.640
7 997 4.730 8 2189 9.500 9 1097 5.340
10 2078 6.850 11 1818 5.840 12 1700 5.210
13 747 3.250 14 2030 4.430 15 1643 3.160
16 414 0.550 17 354 0.170 18 1276 1.880
19 745 0.770 20 435 1.390 21 540 0.560
22 874 1.560 23 1543 5.280 24 1029 0.640
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i X Y i X Y i X Y

25 710 4.000 26 1434 0.310 27 837 4.200
28 1255 2.630 29 1748 4.880 30 1381 3.480
31 1428 7.580 32 1777 4.990 33 370 0.590
34 2316 8.190 35 1130 4.790 36 463 0.510
37 770 1.740 38 724 4.100 39 808 3.940
40 790 0.960 41 783 3.290 42 406 0.440
43 1242 3.240 44 658 2.140 45 1746 5.710
46 468 0.640 47 1114 1.900 48 413 0.510
49 1787 8.330 50 3560 14.940 51 1495 5.110
52 2221 3.850 53 1526 3.930

Äkæ^���5£8�.[Üêâ,�²�£8�§

Ŷ = −0.828 + 0.004X.

£8�§wÍ5u��P��4.164e-15 , YÚX�'Xê�0.839.
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~6.4.4
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~6.4.4

æ^Box-CoxC�éÏCþY�É��5?1“£n".

O��Ñ�12�ØÓλ�¤éA�í�²�ÚSSE(λ, z(λ))µ

Table: í�²�Ú�XC�ëê�Czª³

λ −2 −1 −0.5 0 0.125 0.25

SSE 34460.43 988.71 291.56 134.04 118.170 107.20

λ 0.375 0.5 0.625 0.75 1 2

SSE 100.260 96.97 97.310 101.71 126.85 1271.04

�λ = 0.5�, í�²�ÚSSE(λ, z(λ)) ����, Ïd·��±

ÐÚ@½@��`λA30.5NC.
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~6.4.4

|^R�ó¥boxcox()¼ê5Ïé�`λ (4�q,¼ê)

b<-boxcox(lm(Y ∼ X)); b$x[which.max(b$y)] (] λ = 0.5454545 )
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~6.4.4

-Z = Y1/2��ÏCþ,éC��¤�#�ÏCþ�£8§��

Xe²�£8�§

√
Y = 0.5842 + 0.0009517X.
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~6.4.4

�ªC���í�ãÚí�Q-Qã
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~6.4.4

�ªC���£8�§wÍ, ØL
√

Y�X��'Xêk¤eü,

C�0.6483.

lQ-Qãwí����5q�k¤~f,ØL#í��Shapiro-

WilkÚOþW�P��0.138 > 0.05, 3wÍ5Y²α = 0.05e,

��ªC����.Ø�E�±�@�Ñl��©Ù.

²�£8�§µ

Ŷ = Ẑ2 = (0.5842 + 0.0009517X)2
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g�'5��ä

�Ä�5£8�.:

y = Xβ + e, E(e) = 0, Cov(e) = Σ = (σij),

eσi,i+1 6= 0�§KØ���½´g�'�.

�!0�

�)g�'��Ï

éêâ©Û�K�

~��g�'��ä�{±9g�'5êâ©Û{.
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�)g�'��Ï

Ì�kn��¡µ

(1) 3�mþ½�mþ§��êâª�u�q.

du²LXÚ�²L1�Ñäk�mþ�.5!²LCþmK��¢�5!

�*²LÆ¥�À�y��§qX�mêâ¥§duÉ�Ó�	Ü�¸�K

�§��/¬�êâ  äk�mg�'5.

(2) �£8�§�½Ø�(�,�¬Ñyg�'y�.

�.�Ñ,­�Cþ¬�)XÚØ�,�.Ø��mÒ¬Ñy�'5

(3) Ïéêâ?1\ó�n
��Ø���m�)g�'5.

Xé"��æ^A½�ÚO�{?1��,��U´�����êâg�'.
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g�'y�éêâ©Û�K�

£8Xê����¦�O´Ã �§�´Ø2äk����.

£8Xê�IO�¬�î­/$�¶�Ò´`§dêâ���

IO�¬'§�¢S���/ �§l
�Ñ��b��°(

�O.

�&«mÚÏ~æ^��«wÍ5u��(Ø§î�/`5Ø

2´�&�.

g�'5��ä3�Ä��{: ã«{¶i§u�{¶Durbin-

Watson (DW)u�
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g�'5��ä�{

ã«{ ±�(êt−1, êt)�Ñ:ã
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ê i

S��/K�'µÑ:�Ñ8¥3�^�Ç��/K���NC

Ç�_ (BJUT) Chap6µ�5£8�. 71 / 162



g�'5��ä�{: i§u�{

i§u�{.

lí��Sã�ä�.��ÅØ��m´Ä�3�½K�S�

�'5,Ì��â´wí�S���KÒÑy´Äk5Æ.

í�ÎÒ�S�ã

òí���KÒU�m^Sü�å5§/¤��ÎÒ�S�§¡Ù

�í�ÎÒ�S�ã.

i§

UëY�ÎÒ�±òí��ÎÒS�ã©)¤eZfS�§¡�f

S����i§. Pi§��ê�R.

���S�ã�kn1��Ò§n2�KÒ.
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g�'5��ä�{: i§u�{

b��.��ÅØ��´ÕáÓ©Ù,Pn = n1 + n2. K

P(R = r) =


2Ck−1

n1−1Ck−1
n2−1

Cn1
n

, r = 2k,

Ck−1
n1−1Ck

n2−1 + Ck
n1−1Ck−1

n2−1

Cn1
n

, r = 2k + 1,

k = 1, 2, · · · , [n/2]. R�Ï"µÚ��σ2µ

E(R) = µ =
2n1n2

n1 + n2
+ 1,

Var(R) = σ2 =
2n1n2(2n1n2 − n1 − n2)

(n1 + n2)2(n1 + n2 − 1)
+ 1,
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g�'5��ä�{: i§u�{

���þ��§�±�â°(©ÙO�áý�¶

���þ��é��§·��±�âR�ìC��5uÿØ�S�

�Õá5§=e
|R− µ|
σ

≤ zα/2,

K@�Ø�S��Õá5,ÄK@�Ø�S��'.

'uù�Cq�i§u�§�^R�óêâ¥�¼êruns.test().

Cq�i§u���Ø�^u�����¹(n1Ún2�u10).
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i§u�{~f

~Xí��ÎÒS�ã:

− − − − − − − + + + + + + + +

�2�i§§n1 = 8, n2 = 7,

P(R ≤ 2) =
C0

7C1
6 + C1

7C0
6

C7
15

=
6 + 7
6435

≈ 0.002,

Ïdáý�b�,@�Ø�S�´�'S��.

e�=Õá, E(R) = 8.467, R�IO��1.857.

|R− µ|
σ

=
|2− 8.47|

1.857
≈ 3.484 > z0.025 = 1.96,

Cq�i§u��°(i§u�(J�Ó.
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i§u�{~f

�d

P
(
|R− µ|
σ

>
|2− 8.47|

1.857

)
≈ 1− Φ(3.484) = 0.00025

�±�NÑµ���e, Cq�i§u�  ¬���uáý

�b�,¦��1�a�Ø�VÇ�u¶ÂwÍ5Y².

'ui§u�,Öö�ë�k'�ëêÚO�Í�µ
Lehmann, E. L. Nonparametric Statistical Methods Based on Ranks, New

York: McGraw-Hill, 1975.

Hollander, M. and Wollfe, D. A. Nonparametric Statistical Methods, New

York: John Wiley & Sons, 1999.
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g�'5��ä�{

Durbin-Watson (DW)u�

��g£8(�µ

ei = ρei−1 + ui, |ρ| < 1,

Ù¥, ρ´��Ø�ei−1 �ei��'Xê, ui ∼ N(0, σ2)�pÕá,

Cov(e) = Σ =
σ2

1− ρ2


1 ρ ρ2 · · · ρn−1

ρ 1 ρ · · · ρn−2

...
...

...
...

ρn−1 ρn−2 ρn−3 · · · 1

 .
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Durbin-Watson (DW)u�

3²LÆêâ¥,��u�S��'.

'u�ÅØ���g�'5u���b�Ú�Jb�µ

H0 : ρ = 0←→ H1 : ρ > 0.

DWÚOþ

D =

∑n
i=2(êi − êi−1)2∑n

i=1 ê2
i

,

Ù¥, êi ´1i�ÊÏ���¦í�.

DWÚOþ´Í¶���g�'u��ÚOþ.
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Durbin-Watson (DW)u�

�n¿©��,k

D ≈
2
∑n

i=2 ê2
i − 2

∑n
i=2 êi−1êi∑n

i=2 ê2
i

= 2(1− ρ̂),

Ù¥ρ̂ =
∑n

i=2 êi−1êi/
∑n

i=2 ê2
i .

Table: DW��ρ̂�éA'X

ρ̂ D Ø���g�'5

-1 4 ��Kg�'

(-1, 0) (2,4) Kg�'

0 2 Ãg�'

(0, 1) (0,2) �g�'

1 0 ���g�'
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Durbin-Watson (DW)u�

dL��,�ρ = 0�, D�Cu2.

éub�

H0 : ρ = 0←→ H1 : ρ > 0.

g�'��OOK:

(I)eD < dL,Káý�b�H0,@�Ø�S���g�'¶

(II)eD > dU,K�É�b�,@��äØ�S�´Ãg�'¶

(III)edL ≤ D ≤ dU,KØU�äØ�S�´Äg�',

éub�

H0 : ρ = 0←→ H1 : ρ < 0,

æ^ÚOþ4− D,u�L§Óþ.
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Durbin-Watson (DW)u�

éuV>u�

H0 : ρ = 0←→ H1 : ρ 6= 0.

g�'��OOKXe:

(I)eD < dL½D > 4− dU K@�Ø�S�g�';

(II)edU ≤ D ≤ 4− dU,K@��äØ�S�´Ãg�';

(III)edL ≤ D ≤ dU½4− dU ≤ D ≤ 4− dL,K��;

'u�.�O�,ë�DurbinÚWatson (1971).
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Durbin-Watson (DW)u�

R�óJø
DWu�dwtest()¼ê

DWu��±eÛ�5

�3��«�,I�O���þ½Ù¦�{?�Úu�;

��
n > 15���.�§ØU^un ≤ 15��/¶

��é��g�'¯K�E�u�,ØU^up�S��'�u�.

p�S�g�'5u�, Iæ^Breusch-Godfrey£BG¤u�, �¡

.�KF¦êu�

�·Ü�ÅØ�����§Ø·ÜÉ��, cÙÏCþk¢��A,

Xg£8��/µyi = ρyi−1 + x′iβ + ei.
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�Øg�'5��{µ2Â�©C�

�Ä�.:

yi = β0 + xiβ1 + ei, ei = ρei−1 + ui, i = 1, 2, · · · , n,

ùp, u1, · · · , un�pÕá,�ui ∼ N(0, σ2).

2Â�©C�

y∗i = yi − ρyi−1,

x∗i = xi − ρxi−1,

i = 2, · · · , n.P

β∗0 = β0(1− ρ), β∗1 = β1.
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2Â�©C�

���©�.

y∗i = β∗0 + β∗1 x∗i + ui, i = 2, · · · , n,

eρ®�, ���©�.eëê(β∗0 , β
∗
1 )�LS�O(β̂∗0 (ρ), β̂∗1 (ρ))Ò

´BLU�O.�)�

β̂0 = β̂∗0 (ρ)/(1− ρ), β̂1 = β̂∗1 (ρ).

ρ��,´����ëê. ü«~^�S��O

Cochrane-OrcuttS��O

Hildreth-Lu�O
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Cochrane-OrcuttS��O

Cochrane-OrcuttS��O

(1) �Oρ. O���.����¦í�êi,,��ρ�Ð©�O�

ρ = ρ̂ =

∑n
i=2 êi−1êi∑n

i=2 ê2
i

;

(2) Äu���©�.¦β0Úβ1��O.

(3) S�Ê�u�. æ^DWu�éC����.�Ø��?1

u�§eu�w«Ø�'§KÊ�S�§ÑÑ��.ë

ê(β0, β1)��O¶ÄK3β̂0 Úβ̂1�Ä:þ, O���.#�

í�,2�#ρ��O¶

(4) ­EÚ½(2)Ú(3)��DWu�w«�.�Ø��Ø�'��.
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Hildreth-Lu�O

Hildreth-Lu�O

���Oëêβ0, β1, ρ�{,=4�z�.�Ø�²�Ú

SSE(β0, β1, ρ) =

n∑
i=2

((yi − ρyi−1)− β0(1− ρ)− β1(xi − ρxi−1))2 .

kòρ�¤®�,�¦�β0 Úβ1 �O�

β̂0(ρ) = β̂∗0 (ρ)/(1− ρ), β̂1(ρ) = β̂∗1 (ρ);

¦ρ��O: ρ̃ = argminρSSE(β̂0(ρ), β̂1(ρ), ρ);

£��β̂0(ρ̃)Úβ̂1(ρ̃).

R�ó¥�cochrane.orcutt()¼êÚhildreth.lu()¼ê¢y
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g�'5�äY~

~6.4.5 (/c�,o¬ , 2014,~5.8)
�,/«Ø¬Â\X£�¤�;O�Y(�)�{¤ÚOêâ, æ^�

��5�.?1[Üêâ¿©Û�.��ÅØ�´Ä�3g�'5.

t yt xt t yt xt t yt xt

1 264 8777 12 950 17633 23 2105 29560
2 105 9210 13 779 18575 24 1600 28150
3 90 9954 14 819 19635 25 2250 32100
4 131 10508 15 1222 21163 26 2420 32500
5 122 10979 16 1702 22880 27 2570 35250
6 107 11912 17 1578 24127 28 1720 22500
7 406 12747 18 1654 25604 29 1900 36000
8 503 13499 19 1400 26500 30 2100 36200
9 431 14269 20 1829 27670 31 2300 38200

10 588 15522 21 2200 28300
11 898 16730 22 2017 27430
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~6.4.5

Ñ:ã!í�ã!í��Sã!����í�Ñ:ã
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~6.4.5

ãw«(Jµ

xtÚytäkr��5'X¶£O�����'Xê�0.956¤

��mt½ŷtO�,í�êt�ÅÄ��kO�ª³;

(êt, êt−1)�Ñá3�^�Ç�����NC(����g�'5).

DWu�ÚOþD = 1.2529, P�= 0.008674 < 0.05, �@�Ø�

S����g�':et = ρet−1 + ui (ρ > 0).

���©�²�£8�§£Cochrane-Orcutt�{¤

ŷ∗t = −450.805032 + 0.076681x∗t ,

Ù¥ŷ∗t = ŷt − ρ̂ŷt−1, x∗t = xt − ρ̂xt−1, ρ̂ = 0.518639.
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K�©Û

��( yi, x̃′i, ), i = 1, · · · , n�´(Y,X1, · · · ,Xp−1)�Nõ�U��¥�

��n|. F"z|êâ(x̃′i, yi)é��ëê��Ok�½�K�, �

ù«K�ØUL�,ÄK���²�£8�§Øäk­½5.

XAnscombeo|êâµm

e������d��:û

½§XJ�Kù�4à:§

¬����ØÓ���. d

��	í�vk^§Ï�d

:�í�´".

0

5

10

15

20

0 5 10 15 20
X1

Y
1

0

5

10

15

20

0 5 10 15 20
X2

Y
2

0

5

10

15

20

0 5 10 15 20
X3

Y
3

0

5

10

15

20

0 5 10 15 20
X4

Y
4

Ç�_ (BJUT) Chap6µ�5£8�. 90 / 162



K�©Û

rK�:£Influential Points¤
´�@
éÚO�.�ëê�O½ýÿ(JkwÍK��*ÿ�.

ù
:Ï~äk4à��½ö�êâ8¥�Ù¦:�3wÍ�

�É,�Ué�.�O(5!­½5Ú)º5�)­�K�.

�U´gCþ�l+*ÿ:,��U´ÏCþ�l+*ÿ:§

pm\:(high leverage): gCþ�l+*ÿ:

É~:: ÏCþ�l+*ÿ:

pm\:+É~:
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pm\:��ä

�Ä�5£8�.

y = Xβ + e, E(e) = 0, Var(e) = σ2In. (6.22)

PH = (hij) = PX = X(X′X)−1X′.

1i�[Ü�ŷi´Y�¤k*ÿ��\�Ú:

ŷi = hi1y1 + hi2y2 + · · ·+ hinyn, i = 1, · · · , n,

Ù¥hii ´yiéŷi��­,�¡�1i�*ÿ�m\�.

�hii��Cu1, ŷi��Cuyi,=í�êi ��Cu".

í�êi���: Var(êi) = σ2(1− hii)�σ
2ÚhiiÑk'.
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pm\:��ä

éu���5£8

yi = β0 + xiβ1 + ei, i = 1, · · · , n,

P

X = (1n, x), x = (x1, · · · , xn)′.

´y

hii =
1
n

+
(xi − x̄)2∑n
j=1(xj − x̄)2 .

�xi − x̄ = 0�§hii�����1/n;

�Xxi �l¥%:x̄§hiiO�. �xil¥%:x̄v
��§hiiU

Ñ¿©�Cu1,ò£8��.�:(yi, xi).
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hii �5��AÛ¿Â

½n6.5.1
(1) 0 ≤ hii ≤ 1,��hii = 0�, hij = 0, i 6= j;

(2)
∑n

i=1 hii = p;

(3)
∑n

j=1 hij = 1;

(4) hii = 1
n + (x̃i − ¯̃x)′(X̃′cX̃c)

−1(x̃i − ¯̃x), ùp¯̃x =
∑n

i=1 x̃i/n, X̃c =

X̃− 1n¯̃x′�gCþ*ÿÝ
X̃�¥%z.

d½n�(4)��µ

hii�AÛ¿Â. (n− 1)(hii − 1
n)L«3gCþ�m¥,1i�Á�

:x̃i �Á�¥%¯̃x�Mahalanobisål§{¡ê¼ål, �x


1i�Á�:�Á�¥%¯̃x��C.
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1i�*ÿ�m\�hii�ÊÏí�êiÑk÷v'X:

hii +
ê2

i

SSE
≤ 1,

Ù¥SSE =
∑n

i ê2
i . L²:

pm\:(hii����:)   k���í�§Ïd§pm\:ØU

ÏLí�uÿÑ5,I��âm\�hii5�ä.

²þm\��

h̄ =
1
n

n∑
j=1

hjj =
p
n
.

ex̃1, · · · , x̃n´T��oN���{ü�Å��,K

F =
(n− p)(hii − 1/n)

(p− 1)(1− hii)
∼ Fp−1,n−p.
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pm\:�{

1. m\��2�²þ�{
HoaglinÚWelsch(1978)JÑ
m\��2�²þ�{§=ò

hii >
2p
n

(6.23)

�:À�pm\:.

�pÚn− p���§m\��2�²þ�{~~¬��.
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pm\:�{

2. F u�{
ÚOþF �hiiüNO¼ê, ¤±hiié��duFé�. �F >

Fp−1,n−p(α) �§Ò@�hiié�§éA�:xiÒ´pm\:, Ï~

�α = 0.05.

�p > 10, n− p > 50,ü�{�d. ¯¢þ,lF©ÙL�

P(Fp−1,n−p ≤ 2) ≥ 0.95,


Fp−1,n−p ≤ 2�duhii > 2p/n.

½��*��{/Ïuxm\�ã,X^Sã!:ã½��ã.
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É~:��ä

É~:

�|êâ(x′i, yi)XJ§�í�(̂ei½ri)�Ù§|êâ�í���õ,K

¡dêâ�É~:

���5£8�.

yi = x′iβ + ei, ei ∼ N(0, σ2), i = 1, · · · , n,

ùpei, i = 1, · · · , n�pÕá.

þ�¤£ b�É~:?E(yj) = x′jβ + η.

XJ1j|êâ(x′j , yj)´��É~:, @o§�í��¤±é�´Ï�§�þ

�E(yj)u)
��Å¤£η
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É~:��ä

þ�¤£�5£8�. yi = x′iβ + ei, i 6= j,

yj = x′jβ + η + ej, ei ∼ N(0, σ2),

Ý
/ª

y = Xβ + djη + e, e ∼ N(0, σ2In), (6.24)

Ù¥dj = (0, · · · , 0, 1, 0, · · · , 0)′, ù´��n��þ, §�1j���

�1,Ù{���".

��½(x′j, yj)Ø´É~:,�duu�b�

H0 : η = 0.
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É~:��ä

½n6.5.2
éþ�¤£�5£8�.(6.24), β Úη �LS�O©O�

β∗ = β̂(j) = β̂ −
(X′X)−1xjêj

1− hjj
,

η∗ =
1

1− hjj
êj,

ùp, β̂(j) �GØ1j|êâ�.

y(j) = X(j)β + e(j)

�β �LS�O, hjj �H = PX�1j�Ìé��, êj�l"b��.�

Ñ�1j�í�.
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½n6.5.2�y²J�

dX′(j)X(j) = X′X− xjx′j ��

(X′(j)X(j))
−1 = (X′X)−1 +

(X′X)−1xjx′j(X′X)−1

1− hjj

�β̂(j) = (X′(j)X(j))
−1X(j)y(j) = β̂ − (X′X)−1xjêj

1−hjj
.

dd′jy = yj, d′jdj = 1,þ�¤£�5£8�.�LS�O β∗

η∗

 =

 X′X xj

x′j 1

−1 X′y

yj

 .

d©¬Ý
�_�yβ∗ = β̂(j).
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É~:��ä�{

�äyj ´Ä´É~:�du�duu�

H0 : η = 0.

H0¤áe§�{�.�í�²�ÚµSSEH = y′y− β̂′X′y.

þ�¤£�.�í�²�Úµ

SSE = y′y− β∗′X′y− η∗d′jy = (n− p)σ̂2 −
ê2

j

1− hjj

u�ÚOþ

F =
SSEH − SSE

SSE/(n− p− 1)
=

(n− p− 1)r2
j

n− p− r2
j
, rjIOzÆ)í�
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É~:��ä�{

½n6.5.3
éuþ�¤£�5£8�.(6.24),XJb�H : η = 0¤á,K

Fj =
(n− p− 1)r2

j

n− p− r2
j
∼ F1, n−p−1.

é�½�α(0 < α < 1),e

Fj =
(n− p− 1)r2

j

n− p− r2
j

> F1, n−p−1(α), (6.25)

K�½1j|êâ(x′j, yj)�É~:.

±þ�{=·^uÏCþ�*ÿ�¥�3��É~:��/.
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É~:��ä�{

õ�É~:�u�´��E,¯K.

Ï�É~:  r£8�§.�g�§l
¦�Ù¦:�l[

Ü�§. ùÒ¬��uÿÑ�,
É~:¿Ø´ý��É~:§


ý��É~:�U�ìv��uÿÑ5.

éÉ~:�£O¥��CÚùv¯K§ë�

Barnett, V. and Lewis, T. Outlier in Statistical Data, New York:

John Wiley, 1978.

Hadi, A. S., Simonoff, J. S. Procedures for the identification of

multiple outliers in linear models. Journal of the American Sta-

tistical Association, 1993, 88: 1264-1272.
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rK�:��ä

rK�:��ä¯K,=&�é�O½ýÿk��K��êâ.

PGØ1i|êâ�,�{�n− 1|êâ��5£8�.

y(i) = X(i)β + e(i), E(e(i)) = 0, Cov(e(i)) = σ2In−1,

�A�LS�O

β̂(i) = (X′(i)X(i))
−1X′(i)y(i).

�þβ̂ − β̂(i)�N
1i|êâé£8Xê�O�K���.

^�þβ̂ − β̂(i)�,«êþz¼ê5½þ'�K����.
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rK�:��ä

1. CookålÚOþ

Di =
(β̂ − β̂(i))

′X′X(β̂ − β̂(i))

pσ̂2 , i = 1, · · · , n.

eDi > Fp, n−p(α),K@�1i|êâ��rK�:.

β��&Xê�1− α�&ý¥

(β̂ − β)′X′X(β̂ − β)

pσ̂2 ≤ Fp,n−p(α).

òβ̂(i) �Oβ,Ò��
CookÚOþ.

3¢Sö��§  rDi > 1�:À�d3�rK�:§2(

ÜDi�:ã½^Sã5�ä.
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CookÚOþ

CookÚOþDiq�x
1i|êâé�.[Ü�K�§Ï�

Di =
(ŷ− ŷ(i))′(ŷ− ŷ(i))

pσ̂2 =

∑n
i=1(ŷi − ŷi(i))

2

pσ̂2 .

Di�{BO�úª

Di =
1
p

(
hii

1− hii
)r2

i , i = 1, · · · , n.

TúªòCookÚOþDi©)¤üÜ©:

³ ¼ê: Pi = hii
1−hii

, (hii�üNO¼ê);

Æ)zí��²� r2
i .

pm\:ÚÉ~:Ñ�U´rK�:§�qØ�½Ñ´rK�:
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rK�:��ä

2. Welsch-KuhÚOþ(DFFITS)

Wi =
ŷi − ŷi(i)

(V̂ar(ŷi))1/2
=

(
hii

1− hii

)1/2

r∗i ,

ùpŷi(i) = x′iβ̂(i), r∗i = êi/(σ̂(i)
√

1− hii)´�IOzýÿí�.

Welsch-Kuh(1977) lýÿ(½ü�[Ü)��ÝJø
,�«

OK: DFFITS£difference in fits¤OK. W2
i Ýþ
1i|êâ

éxi?�ýÿK���.

¯K: W2
i�1i|êâéÙ¦:x?�ýÿK�'XXÛº

Ç�_ (BJUT) Chap6µ�5£8�. 108 / 162



rK�:��ä

½n6.5.5
(1)

W2
i =

(β̂ − β̂(i))
′X′X(β̂ − β̂(i))

σ̂2
(i)

; (�Di=´©1ØÓ)

(2) W2
i�1i|êâé?¿:x?ýÿK��þ.: éu?¿�x,k

(x′β̂ − x′β̂(i))
2

σ̂2
(i)x
′(X′X)−1x

≤ W2
i .

3A^¥,I�â��þ�½�O��µ

�O���|Wi| > 1 (�!¥���)¶�O���|Wi| > 2
√

p
n−p (���) .

�^W2
i�^Sã!:ã½��ã�ãóä£OrK�:.
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rK�:��ä

3. ���'(covariance ratio, COVRATIO)

Ci =
det
(

Ĉov(β̂(−i)

)
det
(

Ĉov(β̂
) =

(σ̂2
(−i))

p

(σ̂2)p
1

1− hii
.

XJ1i:*ÿ�¤éA�Ci�l1��,K@�T:K���.

3R�ó¥¼êinfluence.measures()�±��O�

m\�hii, CookålDi,

Welsch-KuhÚOþWi

COVRATIOÚOþCi.
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�åÿÁêâ

eL´��Æ[ÿÁ�21��Ö�P¹, Ù¥X��Ö�c#(±�

�ü ), yL«,«�å�I,ÏLù
êâ,·��ïá�å�c#

Cz�'X.

i x y i x y i x y

1 15 95 8 11 100 15 11 102

2 26 71 9 8 104 16 10 100

3 10 83 10 20 94 17 12 105

4 9 91 11 7 113 18 42 57

5 15 102 12 9 96 19 17 121

6 20 87 13 10 83 20 11 86

7 18 93 14 11 84 21 10 100
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²�£8��� Ŷ = 109.87− 1.13X
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K�©ÛY~

O�D18 = 0.6781´¤kDi ¥���,
Ù§Di��D18 �'�

�©�. Ïd,118Òêâ´��é£8�OK�é��êâ.

é�½�Y²α = 0.05, �kt19 = 3.6071 > t18(0.025) = 2.101.

u´,�@�119Òêâ�É~:.

O�Wi. W18 ÚW19 �L

2
√

p/(n− p) = 2
√

2/(21− 2) = 0.6489.

ùü:�CookålC18ÚC19'Ù¦:��éõ,��l1.

nþ,��ä18ÒÚ19Ò|êâ�´rK�:,A�@ý�	.
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K�©Û�5¿¯�

5¿:

K�©Û�´ïÄ&�rK�êâ�ÚO�{, �ué®²(

@�rK�êâXÛ?n,ùI�äN¯KäN©Û.

  k�c[Ø�êâ¼��L§, XJrK�êâ´duÁ

�^���½V¹�Ø½Ù¦�
L�¤�, @où
êâA

TGØ.Ø,�{,AT�ÄÂ8�õ�êâ½æ^�
­è�

O�{± �rK�êâé�O�K�, l
¼��­½�²

�£8�§.
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LS�OéØ����b�!É~�ÚrK�:´¯a�. ?nÉ~

:ÚrK�*ÿ�~��{µ

LS��{Ò´íØÉ~�ÚrK�:,^�e�êâ�£8.

­è£8,§´épm\:D�����­��«[Ü�{.

~��­è£8�{k

��ýél�(least absolute deviation, LAD)�O

M-�O

\����¦£WLS¤�O
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n«­è£8�{µ

LAD�O

β̂ = arg min
β

n∑
i=1

|yi − xiβ|.

M-�O£�c��61�¤

β̂ = arg min
β

n∑
i=1

ρ(yi − xiβ),

Ù¥ρ(·)��À½��K¼ê.

WLS�O(1jgS�)

β̂ = (X′W(j)X)−1X′W(j)y,

Ù¥W(j) = diag(w(j)
1 , · · · ,w

(j)
n ), w(j)

i �1jgS�¥1i*ÿ��.
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©z¥,'u�¼êwi�ÀJk

ChatterjeeÚMächler (1997)JÑ

w(j)
i =

(1− hii)
2

max(|̂e(j−1)
i |,m(j−1)

e )
,

Ù¥m(j−1)
e ´|̂e(j−1)

1 |, ..., |̂e(j−1)
n |�¥ ê, Ð©�­��w(0)

i =

max(hii, (p− 1)/n).

DPS^�Jø
Cauthy�{!Andrew�{�10«ØÓ�.

51 ­è5�ëê�O��`5ØÓ§ØU`�­èÒ�Ð.

52 ��©Ùe, LurN­è5¬���Ç��, �A^¥I²

ïüö'X.
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E��5

Gauss-Markov½n�y
LS�O3�5Ã �Oa¥���

��5,��.�5£8¯K¥, LS�Ok�LyØn�.~X,

k�,
£8Xê��O�ýé�É~�,

k�£8Xê��O��ÎÒ�¯K�¢S¿Â����.

�þïÄuy: �)ù
¯K��Ï��´£8gCþ�m�3X

Cq�5'X,¡�E��5(multicolinearity).

�!ïÄ

E��5éLS�O�K�

E��5��ä

Aa?��O�{
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þ�Ø�OK

µd���O`��IOµ

þ�Ø�(Mean squares error, MSE)

θ̂�þ�Ø��

MSE(θ̂) = E‖θ̂ − θ‖2 = E(θ̂ − θ)′(θ̂ − θ).

§Ýþ
�Oθ̂���ëê�þθ�²þ l���, ��Ð�

�OATk���þ�Ø�.

ùpëê�þθ��Oθ̂Ø�uÃ �O.
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E��5éLS�O�K�

½n6.6.1

MSE(θ̂) = trCov(θ̂) + ‖E(θ̂)− θ‖2,

ùptr(A)L«A�,.

θ̂�þ�Ø��±©)�ü��Ú, Ù¥���θ̂��©þ��

��Ú,,���θ̂��©þ� ��²�Ú.

���O�þ�Ø�Ò´d§��©þ���Ú �¤û½�.

��Ð��OATk�����Ú �.
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E��5éLS�O�K�

^þ�Ø�ù�IO5µdLS�O.�Ä�5£8�.

y = β01n + Xβ + e, E(e) = 0, Cov(e) = σ2In, (6.26)

ùp, X = (xij)®�IOz,�rk(X) = p− 1.duX´¥%z�,

u´~ê�β0 Ú£8Xêβ�LS�O:

β̂0 = ȳ =
1
n

n∑
i=1

yi,

β̂ = (X′X)−1X′y = R−1
X X′y,

Ù¥RX = X′X�Cþ(X1, · · · ,Xp−1)����'XêÝ
.
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E��5éLS�O�K�

Ï�β̂´β�Ã �O,¤±

MSE(β̂) = tr(Cov(β̂)) = σ2tr(R−1
X ) = σ2

p−1∑
i=1

1
λi
, (6.27)

Ù¥λ1 ≥ · · · ≥ λp−1 > 0�RX�A��.

XJRX��k��A���~�Cu", KMSE(β̂)Ò¬é�.

d�lMSEOK5w, LS�Oβ̂ÒØ´��Ð��O.

ù�:ÚGauss-Markov½n¿Ã->, Ï�Gauss-Markov½n==�y


LS�O3�5Ã �Oa¥�����5,�3RX��k��A��é�

�,ù���������%é�,Ï
��
é��þ�Ø�.
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E��5éLS�O�K�

��RXk��A��é�, LS�Oβ̂���²þ`5�'ý�

�β�����õ. ùÒ��
 β̂�,
©þ�ýé���.

¯¢þ,du

MSE(β̂) = E((β̂ − β)′(β̂ − β)) = E‖β̂‖2 − ‖β‖2,

u´

E‖β̂‖2 = ‖β‖2 + MSE(β̂) = ‖β‖2 + σ2
p−1∑
i=1

1
λi
.

�RX��k��A��é��, LS�Oβ̂ÒØ2´��Ð��O.
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RX��k��A��é�é�O
X¿�X�o?

PX = (x(1), · · · , x(p−1)), x(i) ��O
X�1i�. �λ�RX��

�A��, ϕ = (c1, · · · , cp−1)′�ÙéA�IOz�A��þ.

eλ ≈ 0,K

RXϕ = λϕ ≈ 0.

^ϕ′�¦þª,�ϕ′RXϕ = λϕ′ϕ = λ ≈ 0.u´,kXϕ ≈ 0,=

c1x(1) + · · ·+ cp−1x(p−1) ≈ 0.

ùL²�O
X���þx(1), · · · , x(p−1)�mkCq��5'X.
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E��5��ä

E��'X

¡£8�O
���þ�m�'X

c1x(1) + · · ·+ cp−1x(p−1) ≈ 0 (6.28)

�E��'X.�A/,¡�O
X½�5£8�.(6.26)�3E��

5,k��¡�O
X´¾��(ill-conditioned).

RX���A�����A���'Ò´Ýþõ­��5î­§

Ý���­��I.
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^�ê(conditional numbers)
Ý
RX�^�ê(conditional numbers):

κ =
λ1

λp−1
,

Ù¥λ1Úλ2©O´Ý
RX���Ú��A��.

^�ê�x
RX�A���É5���, �^5�äE��5
´Ä�3±9E��5î­§Ý.

��ek < 100,K@�E��5�§Ýé�;

e100 ≤ k ≤ 1000,K@��3¥�§Ý½�r�E��5;

ek > 1000,K@��3î­�E��5.

R�óJø
O�^�ê�¼êkappa().
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��*�()ä)Ïf

�rÝ
R−1
X ¥1k�é����¡���*�()ä)Ïf(variance

inflation factor, VIF),P�VIF(α̂k),Ù¥k = 1, · · · , p− 1.

��*�()ä)Ïf�¶¡5
u

Var(β̂k) = σ2(R−1
X )kk,

Ù¥(R−1
X )kk��'XêÝ
(RX)−1 ¥1k�é�����¦È.

²�{Kµ�VIF���L5½10, K@��5£8�.�3õ

­��5.

�^R�ó¥§S�car¥�¼êvif()O�.

Ç�_ (BJUT) Chap6µ�5£8�. 127 / 162



�±y²µ

VIF(β̂k) =
1

1− R2
Xk|X(−k)

, k = 1, · · · , p,

Ù¥RZk|Z(−k)
= RXk|X(−k)

´1k��CþXk�Ù{�p − 2��C

þX(−k) �m�E�'Xê.

�1k ��Cþ�Ù{��Cþ�m�'§Ý�p,=R2
Xk|X(−k)

�

�Cu1�§VIF(β̂k)��;

1k ��Cþ�Ù{��Cþ�m�'§Ý��, VIF(β̂k)��,

�L«��Ø�3õ­��5�, VIF�����1.

Ïd,��*�ÏfVIF¤�´ïþ�5£8�.¥gCþm�

õ­��5î­§Ý�q�«Ýþ.
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~6.6.1
L¥�©êâ�k12 |êâ, Ø1�|	, �CþX1,X2, · · · ,X6 �

Ù{11|êâ÷v�5'X: X1 + X2 + X3 + X4 = 10,Á^¦Ý
^
�êÚ��)äÏf�ägCþm´Ä�3õ­��5.

SÒ Y X1 X2 X3 X4 X5 X6

1 10.006 8 1 1 1 0.541 −0.099
2 9.737 8 1 1 0 0.130 0.070
3 15.087 8 1 1 0 2.116 0.115
4 8.422 0 0 9 1 −2.397 0.252
5 8.625 0 0 9 1 −0.046 0.017
6 16.289 0 0 9 1 0.365 1.504
7 5.958 2 7 0 1 1.996 −0.865
8 9.313 2 7 0 1 0.228 −0.055
9 12.960 2 7 0 1 1.380 0.502

10 5.541 0 0 0 10 −0.798 −0.399
11 8.756 0 0 0 10 0.257 0.101
12 10.937 0 0 0 10 0.440 0.432
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~6.6.1

O�(x̄.1, x̄.2, x̄.3, x̄.4x̄.5, x̄.6) = (2.5, 2.0, 2.5, 3.0833, 0.351, 0.1313),

(s1, s2, s3, s4, s5, s6) = (3.4245, 3.0451, 3.9428, 41878, 1.2070, 0.5646),

RX =



1.000 0.052 −0.343 −0.498 0.417 −0.192
1.000 −0.432 −0.371 0.485 −0.317

1.000 −0.355 −0.505 0.494
1.000 −0.215 −0.087

1.000 −0.123
1.0000


.

kappa(RX, exact=TRUE)

���^�ê´κ = 2195.908 > 1000§@�kî­�õ­��5.

^¼êvif()O���)äÏf

lm.fit = lm(Y ., data=collinear); round(vif(lm.fit), 3)

X1 X2 X3 X4 X5 X6

182.052 161.362 266.264 297.715 1.920 1.455
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~6.6.1

O�Ý
RX���A��Ú�A�A��þ,�

λmin = 0.001106,

φ = (0.4477, 0.4211, 0.5417, 0.5734, 0.0061, 0.0022)′.

u´0.4477Z1 + 0.4211Z2 + 0.5417Z3 + 0.5734Z4 + 0.0061Z5 + 0.0022Z6 ≈ 0,

ùp, Zj = (Xj − x̄.j)/sj. duZ5ÚZ6�XêCq�0§Ïdk

0.4477Z1 + 0.4211Z2 + 0.5417Z3 + 0.5734Z4 ≈ 0. (6.29)

��Cþ�

0.1308X1 + 0.1383X2 + 0.1374X3 + 0.1369X4 ≈ 1.3691

�K8¥��Cþ'XX1 + X2 + X3 + X4 = 10���Ó.
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E��5�)��Ï

duêâ“Â8"�Û�5¤�.

�,ù��)�E��5´����,�Kþ�±ÏL“Â8"�õ�êâ5)

û,�äN¢yå5¬��Nõ(J.~X,

duÁ�½)�L§®²�(½²¤��,Ø�U2�)#�êâ.

éuõun�gCþ��¹,   Ju(½“Â8"N��êâ, âU“�

»"E��5.

=BÂ8
�
#�êâ, ��
�»E��5, ù
êâ³7��l

�5�êâ,�U�)rK�:,l
�)#¯K.

dugCþ�m�*þÒkCq��5'X.

du<�  égCþ�m�'X"y@£, é�Ur�
kE��'X�

gCþÚ\£8�§.
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�éE���?n

��O
�3E��'X�, LS�OØ
n�,$�é�.

Steiny�
Steinu1955cy²
,��ê�u2�,��þ��þ�LS�O�Ø

�NN5,=U
é�,	���O3,«¿Âe��`uLS�O.

�éE���?n�{µ

l�.½êâ�Ý��Ä,XCþÀJÚ£8�ä.

Ï¦�
#�£k ¤�O�{.

*�O

Ì¤©�O
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�éE���?n

*�O

éu�5£8�.(6.26),£8Xêβ�*�O½Â�

β̂(k) = (X′X + kIp−1)−1X′y (6.30)

ùpk > 0´�ÀJëê,¡�*ëê½ ëê.

XJk��Á�êâyÃ'�~ê,Kβ̂(k)��5�O,Ø,�{,

β̂(k)Ò´��5�O.

*�Oβ̂(k)´���Oa,ØÓ�k��ØÓ��O.

�k = 0, β̂(0) = (X′X)−1X′y´Ï~�LS�O.

����½µ�J�*�O�,Ø�)LS�O.
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*�O�5�

*�O´β�k �O: E(β̂(k)) = (X′X + kIp−1)−1X′Xβ 6= β.

*�Oβ̂(k)���o'LS�Oβ̂ ����.

é��k > 0Úβ̂ 6= 0,k

‖β̂(k)‖ = ‖(X′X + kIp−1)
−1X′Xβ̂‖ = ‖

(
Ip−1 − k(X′X + kIp−1)

−1
)
β̂‖ < ‖β̂‖.

*�O´�«Ø �O(shinked estimator),òLS�O��:Ø .

*�O´¨v���¦8I¼ê

‖y− Xβ‖2 + k‖β‖2 (6.31)

�4��:.
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*�O�5�

51 1�^5�l��ý¡`²
��O
X¥¾��*�O�Ü

n5. Ï�d�LS�O�©þk ��ª³,é§�·��Ø 

´ék7��.

52 1n^5�L²*�O���Ò´�å������¦�O.

Ï�4�z¨v���¦8I¼ê(6.31)§�du�å���

�¦¯Kµ 
min
β

1
n
‖y− Xβ‖2

2,

s.t. ‖β‖2 ≤ c,

Ù¥c´�K~ê,�^�*ëê(N!ëê) k �Ó.
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�LS�Oβ̂ �',*�O´rÝ
X′X�¤Ý
X′X + kIp−1.

�*þwù���nd�´²w�.

Ï��X¥¾��, X′X�A����k���~�Cu",


X′X + kIp−1�A��

λ1 + k, · · · , λp−1 + k

�Cu"�§ÝÒ¬��Uõ, l
“�»"�5�O
�E��

5,¦*�O'LS�Ok���þ�Ø�.

½n6.7.1
�3k > 0,¦�3þ�Ø�¿Âe,*�O`uLS�O,=

MSE(β̂(k)) < MSE(β̂).
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½n6.7.1�y²

y² éX′X?1Ì©),�

X′X = ΦΛΦ′,

Ù¥Λ = diag(λ1, · · · , λp−1), Φ = (φ1, · · · ,φp−1), φi�X′X�A��λiéA

�IOz��z�A��þ. u´,

E(β̂(k)) = Φ(Λ + kIp−1)
−1ΛΦ′β,

Cov(β̂(k)) = σ2Φ(Λ + kIp−1)
−1Λ(Λ + kIp−1)

−1Φ′.

2�½n6.6.1ÚÝ
,$��5�µtr(AB) = tr(BA),�

MSE(β̂(k)) = tr
(

Cov(β̂(k))
)

+ ‖E(β̂(k)− β‖2

= σ2
p−1∑
i=1

λi

(λi + k)2 + k2
p−1∑
i=1

α2
i

(λi + k)2 = f1(k) + f2(k) = f (k)
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½n6.7.1�y²

ùpαi = φ′iβ, i = 1, ..., p− 1.ék > 0, f1(k)Úf2(k)�3ëY����ê,�

f ′1(k) = −2σ2
p−1∑
i=1

λi

(λi + k)3 , f ′2(k) = 2k
p−1∑
i=1

λiα
2
i

(λi + k)3 .

�f ′(k) = f ′1(k) + f ′2(k)3k ≥ 0��ëY.5¿�

f ′(0) = f ′1(0) + f ′2(0) < 0,

��k > 0�k¿©��, f ′(k) < 0, =f (k) î�üN¼ê. Ï
�3k0 > 0,

�k ∈ (0, k0)�,k

MSE(β̂(k)) = f (k) < f (0) = MSE(β̂).

½ny..
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*,ëê�ÀJ�{

½n6.7.1�´L²µ3þ�Ø�¿Âe§`uLS�O�*�

O�3,�ØU¦Ñ�`),Ï��§

f ′(k) = 0

��`�k∗�6u��ëêβÚσ2.

éu�½�k,P

Cov(β̂(k)) = σ2D(k) = σ2(dij(k)).
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*,ëê�ÀJ�{

~^�4«�{:

1. Hoerl-Kennardúª: k̂ = σ̂2

maxiα̂2
i
.

2. ��*�Ïf: ¦¤k��*�Ïfdjj(k) < 10.

3. *,{: ÀJk�, ¦�£8Xê�*�Oβ̂j(k) �*,�N­

½,ÎÒÜn.

4. 2Â���y{: 4�ze¡�2Â���y8I¼ê

k̂gcv = arg min
k

GCV(k) = arg min
k

‖(In −H(k))y‖2
2/n

[tr(In −H(k))/n]2
,

Ù¥H(λ) = X(X′X + kIp)−1X′.
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*�O

R�ó¥§

§S�MASS¥�¼êlm.ridge()!

§S�ridge¥�¼êlinearRidge()!

§S�glmnet¥�¼êglmnet()

Ñ�±¢y*£8§Ù¥3¼êglmnet() ¥§alpha=0§[Ü

*£8�.,¼êcv.glmnet()´cv�{ÀJ�`*ëê.

5 *£8�`³´²ï
 �Ú��§�Xλ�O\§*£8[Ü�1wÝü

$§¦+��C�§�´ �C�.

5 XJp > n§K���¦vk��)§d�*£8E,UÏL ��ÌÝ�O

\5�����ÌÝ�eü§ÏLù«�ï¼�'�Ð��.�J.
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~6.6.2µ	nêâ©Û
ÏCþY�?�o�,gCþX1�ISo��, X2��;þ, X3�o�

¤þ. Â8
11|êâ,�3eL.

SÒ ISo��(X1) �;þ(X2) o�¤þ(X3) ?�o�(y)

1 149.3 4.2 108.1 15.9

2 161.2 4.1 114.8 16.4

3 171.5 3.1 123.2 19.0

4 175.5 3.1 126.9 19.1

5 180.8 1.1 132.1 18.8

6 190.7 2.2 137.7 20.4

7 202.1 2.1 146.0 22.7

8 212.4 5.6 154.1 26.5

9 226.1 5.0 162.3 28.1

10 231.9 5.1 164.3 27.6

11 239.0 0.7 167.6 26.3
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~6.6.2

) ò�©êâIOz,O���'XêÝ
�

RX =


1 0.026 0.997

0.026 1 0.036

0.997 0.036 1

 ,
§�n�A���λ1 = 1.999, λ2 = 0.998, λ3 = 0.003.

RX�^�ê
λ1

λ3
= 666.333 < 1000,

���O
�3¥�§Ý�E��5.

λ3éA�A��þ� φ3 = (−0.7070, −0.0070, 0.7072)
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~6.6.2

n�gCþ�m�3E��'X

−0.7070X1 − 0.0070Z2 + 0.7072Z3 ≈ 0.

5¿�, Z2�Xêýé��é�~�, �À�", 
Z1ÚZ3�X

êqCq��,�gCþ�m�E��'X�Cq�

Z1 = Z3, =
X1 − x̄1

s1
=

X3 − x̄3

s3
.

��Ñ

x̄1 = 194.59, s1 =

(
1
10

11∑
i=1

(xi1 − x̄1)2

)1/2

= 30.00,

x̄3 = 139.74, s1 =

(
1
10

11∑
i=1

(xi3 − x̄3)2

)1/2

= 20.63.

Ç�_ (BJUT) Chap6µ�5£8�. 145 / 162



~6.6.2

�\þª�

X3 = 5.905 + 0.688X1.

ùÒ´o�¤þÚISo���m����5�6'X.

d�'XêÝ
RX�: X1�X3�'Xê�0.997.

�§��m�E��'X¬Ü,ÑL²X1�X3kr��''X.

æ^*�O5�O£8Xê. éuIOz�Cþ,O�Ñ�*,,

¿xéA�*,ã
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~6.6.2

0.0 0.2 0.4 0.6 0.8

0.
0

0.
5

1.
0

k

β i
(k

)

β2(k)

β1(k)

β3(k)

l*,ãþ�±wÑ, *,β̂1�Xk�O\, é¯O\, ��

3k = 0.03?lK�C���.
β̂2 �é'�­½,�β̂3�Xk�

O\,½,~�,��3k = 0.4±�Ò­½e5.
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~6.6.2

�k = 0.4,éA�*�O�

β̂1(0.4) = 0.416, β̂2(0.4) = 0.213, β̂3(0.4) = 0.531.

²þ�: x̄1 = 194.59, x̄2 = 3.30, x̄3 = 139.74, ȳ = 21.89.

IO�: s1 = 30.00, s2 = 1.65, s3 = 20.63, sy = 4.54.

�\²�£8�§z{����Cþ�²�£8�§:

Ŷ = −8.647 + 0.0630X1 + 0.587X2 + 0.117X3.
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~6.6.2

éIOz��êâ�.§æ^GCVÀJ*ëê
data1=scale(dataF)

sol.ridge<-lm.ridge(y∼0+x1+x2+x3, data=data.frame(data1),

lambda=c(seq(0,0.5,0.001)))

sol.ridge$lambda[which.min(sol.ridge$GCV)]

¦�*ëêk = 0.012.

�A£8Xê�*�O�

β̂(0.012) = (−0.103, 0.215, 1.066)′

5 d~¥§dGCVÀJ�*ëêØÜ·§Ï�

1��XêÎÒ�K,�¢S¿ÂØÎ

���*�Ïf �,���VIF�6.848 > 5
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~6.6.2

β̂(k)���*�Ïf�(RX + kI)−1RX(RX + kI)−1�é���.

�k = λ = 0.03�,æ^Xe·-

solve(RX+0.03*diag(3))%*% RX%*% solve(RX+0.03*diag(3))

1.601 −0.005 −1.115

−0.005 0.943 −0.023

−1.115 −0.023 1.602

���VIF�1.602<5

¢Sêâ¥, *ëêI�(ÜXê�KÒ�¢S¿Â!���*�

Ïf!GCV5ÀJÚ*,�5û½.
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Ì¤©�O

�Ä®¥%z�õ��5£8�.�

y = α01n + Xβ + e, E(e) = 0, Cov(e) = σ2In.

-Z = XΦ, α0 = β0, α = Φ′β, Ù¥, Φ = (φ1, · · · ,φp−1),

φ1, · · · ,φp−1�X′X�A��λ1, · · · , λp−1 éA�IO��zA

��þ,K�5£8�.�U��

�5£8�.�;K/ª

y = α01n + Zα+ e, E(e) = 0, Cov(e) = σ2In. (6.32)

¡α�;K£8Xê.
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Ì¤©

Ï�X´¥%z�,=1′X = 0,¤±1′Z = 1′XΦ = 0. ¤±Z�´

¥%z�.

Ø���5,b�λ1 ≥ · · · ≥ λp−1.

Z = (z(1), · · · , z(p−1)) = (Xφ1, · · · ,Xφp−1, )

Ù¥z(i) = Xφi �1iÌ¤©, i = 1, · · · , p− 1.

5 Z�1i �z(i) ´�5p − 1 �£8gCþ��5|Ü, Ù|ÜX

ê�X′X�1i�A��éA�A��þφi.
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Ì¤©5�

Ý
Z����÷v

z̄j =
1
n

n∑
i=1

zij = 0, j = 1, · · · , p− 1,

z′(i)z(i) = φ′iX
′Xφi = λi,

n∑
i=1

(zij − z̄j)
2 = z′(i)z(i) = λi, j = 1, · · · , p− 1.

X′X�1i �A��λiÒÝþ
1i�Ì¤©��CÄ��. ��O


X�3E��'X�, k�
X′X�A��é�, éA�Ì¤©�

�CÄÒé�,§��þ�Ñ�". Ï
ù
Ì¤©��Cq�".
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Ì¤©£8

Ì¤©£8

��O
X�3E��'X�, ^Ì¤©��#�£8gCþ, ¿ò

éACþ�K�é��Ì¤©l£8�.¥GØ, ^���¦{�

�eÌ¤©�£8,,�2C£��5�gCþ.

PΛ = diag(λ1, · · · , λp−1),éΛ,α,ZÚΦ��A©¬:

Λ =

 Λ1 0

0 Λ2

 , α =

 α1

α2

 , Z = (Z1,Z2), Φ = (Φ1,Φ2).

GØK�é��Z2α2�,��£8�.

y = α01n + Z1α1 + e, E(e) = 0, Cov(e) = σ2In, (6.33)
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Ì¤©£8

A^���¦{,��α0Úα1�LS�O:

α̂0 = ȳ =
1
n

n∑
i=1

yi,

α̂1 = (Z′1Z1)−1Z′1y = Λ−1
1 Z′1y.

-c¡GØ
�¡p−r−1�Ì¤©é�Xêα2��O�α̃2 = 0.

|^'Xβ = Φα,�±¼��5ëêβ��O

β̃ = Φ

 α̂1

α̂2

 = (Φ1, Φ2)

 α̂1

0

 = Φ1Λ
−1
1 Φ′1X′y, (6.34)

ùÒ´β �Ì¤©�O.
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Ì¤©�O�5�

Ì¤©�O´k �O,Ï��â(6.34)ªk

E(β̃) = (Φ1, Φ2)

 α1

0

 = Φ1α1 6= Φ1α1 + Φ2α2 = Φα = β.

`uLS�O�Ì¤©�O��35.

½n6.7.2
��O
�3E��'X�, ·�ÀJ�3�Ì¤©�ê��Ì¤

©�O'LS�Ok���þ�Ø�,=

MSE(β̃) < MSE(β̂).
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y² Ï�MSE(β̂) = σ2tr(Λ−1),

MSE(β̃) = MSE

 α̂1

0

 = σ2tr(Λ−1
1 ) + ‖α2‖2,

¤±

MSE(β̃) < MSE(β̂),

��=�

‖α2‖2 < σ2tr(Λ−1
2 ) = σ2

p−1∑
i=r+1

1
λi
. (6.35)

dub½X′X��¡p − r − 1�A���Cu", u´þªmà

é�,�Ø�ª(6.35)¤á. ½n�y.
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Ì¤©�O

3Ì¤©�OA^¥,��­��¯K´XÛÀJ�3Ì¤©�ê.

Ï~kü«�{:

�3éA�A���é'���@
Ì¤©.

ÀJr, ¦�
∑r

i=1 λi��Üp − 1�A���Ú
∑p−1

i=1 λi �'�(¡

ù�'��cr�Ì¤©��zÇ)��ýk�½��, �

X75%½80%�.

Ì¤©���5Cþ��5|Ü, ´�«“<ECþ", ��Ø´

)º§�¢S¹Â,AO´�£8gCþäkØÓÝþü �.
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Y~©Û

Y~6.7.1
é	nêâ©Û¯K,5¦§�Ì¤©�O.

) X′X�3�A��©O�λ1 = 1.999, λ2 = 0.998, λ3 = 0.003,

éA�3�IO��zA��þ©O�

φ1 = (0.7063, 0.043, 0.7065)′,

φ2 = (−0.0357, 0.9990,−0.0258)′,

φ3 = (−0.7070,−0.0070, 0.7072)′,

3�Ì¤©©O�

z1 = 0.7063X1 + 0.0435X2 + 0.7065X3,

z2 = −0.0357X1 + 0.9990X2 − 0.0258X3,

z3 = −0.7070X1 − 0.0070X2 + 0.7072X3.Ç�_ (BJUT) Chap6µ�5£8�. 159 / 162



Y~©Û

Ï�λ3 ≈ 0 ,�cü�Ì¤©��zÇ

2∑
i=1

λi/

3∑
i=1

= 0.999 = 99.9%.

Ïd,·�GØ13�Ì¤©,��3cü�Ì¤©,§��£8

Xê�LS�O©O�

α̂1 = 0.690, α̂2 = 0.1913.

����5Cþ,��²�£8�§

Ŷ = −9.1057 + 0.0727X1 + 0.6091X2 + 0.1062X3.
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Y~©Û

Table: 	nêâ©Û¯K�n«�O

Cþ ~ê� x1 x2 x3

Ì¤©�O(r=2) -9.1057 0.0727 0.6091 0.1062

LS�O -10.1300 -0.0514 0.5869 0.2868

*�O(k=0.04) -8.5537 0.0635 0.5859 0.1156

o�5ù,

Ì¤©�OÚ*�O'��C.


�LS�O�',E��'X¤�¹�X1ÚX3�£8XêCz�

�,¿�X1�£8Xê�ÎÒ�u)
Cz.
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�5£8�äµ

í�©ÛµéØ�b���ä9?n

K�©Ûµpm\:!É~�ÚrK�:��ä9?n

�CþE��5µE��5é£8�K�!�ä!?n�{
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