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���5£8�.

���5£8�.���~f.

~6.1.1
d;��£��§Ü7�rÝY(kg/mm2)�Ü7¥%¹þX(%)k

'. �

)§�m�'X§l)�¥Â8
�1êâ(xi, yi),

i = 1, 2, · · · , n,äNêâ�eL.

X 0.10 0.11 0.12 0.13 0.14 0.15

Y 42.0 43.5 45.0 45.5 45.0 47.5

X 0.16 0.17 0.18 0.20 0.21 0.23

Y 49.0 53.0 50.0 55.0 55.0 60.0
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���5£8�.

1 êÆ�.

xX − Y Ñ:ã(scatter plot)

lÑ:ãþuy: n�:Ä�3�^��NC§��@�Y�X�

'XÄ�þ´�5�.
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Ú~µ���5£8�.

�.b½

�.b½

Y = β0 + β1X + e,

Ù¥β0 + β1XL«Y�X�Cz
�5Cz�Ü©. e´�ÅØ�.

Ï~b½e ∼ N(0, σ2) £σ2 ��¤

¡¼êf (X) = β0 + β1X����5£8¼ê

β0, β1�£8Xê £��¤

¡X�£8gCþ(½£8Ïf,)ºCþ)

¡Y�£8ÏCþ(½�ACþ)
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£8ëê��O

2 £8ëê��O

�(x1, y1), . . . , (xn, yn)´(X,Y)��|*ÿ�,K

yi = β0 + β1xi + ei i = 1, . . . n,

Ù¥E(ei) = 0, var(ei) = σ2, e1, · · · , en Ø�'.

�O��ëê��«�*�{:
�¦ã¥�:(xi, yi)���þ�:(xi, ŷi)� l���Ð

ùp
ŷi = β̂0 + β̂1xi,

¡Ù�£8�½[Ü�

Ç�_ (BJUT) Chap6µ�5£8�. 7 / 108



£8ëê��O

���¦{£Least Square, LS¤�g�µ
éβ0Úβ1¦�l�²�Ú

Q(β0, β1) =

n∑
i=1

(yi − β0 − β1xi)
2

����.

���¦�O£LS Estimator¤

(β̂0, β̂1) = arg min
β0,β1

Q(β0, β1)

XÛ¦4�º
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���¦�O

- 
∂Q
∂β0

= −2
n∑

i=1

(yi − β0 − β1xi) = 0,

∂Q
∂β1

= −2
n∑

i=1

(yi − β0 − β1xi)xi = 0,

²O���

β̂1 =

n∑
i=1

(xi − x̄)(yi − ȳ)

n∑
i=1

(xi − x̄)2
=

Sxy

Sxx
, β̂0 = y− β̂1x̄,

Ù¥x̄ = 1
n

n∑
i=1

xi, ȳ = 1
n

n∑
i=1

yi, Sxx =
n∑

i=1
(xi− x̄)2, Sxy =

n∑
i=1

(xi− x̄)(yi− ȳ).
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���¦�O

²�£8�§

Ŷ = β̂0 + β̂1X

��σ2�LS�O

σ̂2 =

n∑
i=1

(
yi − β̂0 − β̂1xi

)2

n− 2

¡êi = yi − β̂0 − β̂1xi, i = 1, · · · , n�í�

¡

SSE = Q(β̂0, β̂1) =
n∑

i=1

(
yi − β̂0 − β̂1xi

)2

�í�²�Ú
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���¦�O

£8Xê�LS�Oβ̂1�XÚY����'XêÓÒ

β̂1 =

n∑
i=1

(xi − x̄)(yi − ȳ)

n∑
i=1

(xi − x̄)2
=

Syy

Sxx
= ρ̂XY

√
Sxy

Sxx

β̂0, β̂1 Úσ̂
2 ´β0, β1 Úσ

2�Ã �O,=

E(β̂0) = β0, E(β̂1) = β1, Eσ̂2 = σ2.

eei
i.i.d∼ N(0, σ2), Kβ̂0Úβ̂1�´4�q,(Maximum likelihood,

ML)�O; σ2�ML�O�(n− 2)σ̂2/n. (3�Æ)öS)
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£8�§�wÍ5u�

3 £8�§�wÍ5u�

eY�Xäk�r��5'X,K�UìLS�{�Ñëê�O,Ä

KO��(JÃ¿Â

β1 = 0L«E(Y)Ø�X��5Cz;

β1 6= 0L«E(Y)�X��5Cz

3���5£8�.e, £8�§�wÍ5u��du£8Xê�

wÍ5u�§=u�

H0 : β1 = 0, H1 : β1 6= 0.
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£8�§�wÍ5u�

(1) tu�{

�H0¤á�§ÚOþ

T =
β̂1
√

Sxx

σ̂
∼ tn−2,

éu�½�wÍ5Y²α,u��áý��

|T| ≥ tn−2(α/2).
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£8�§�wÍ5u�

(2) F u�{

�H0¤á�§ÚOþ

F =
β̂2

1Sxx

σ̂2 ∼ F(1, n− 2),

éu�½�wÍ5Y²α,u��áý��

F ≥ Fα(1, n− 2).
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���5£8�.:ýÿ

4 ýÿ

��½X = x0�§y0 = β0 + β1x0�:ýÿ:

ŷ0 = β̂0 + β̂1x0.

é�½X = x0,¦y0 = β0 + β1x0���&Ý�1− α�ýÿ«m:

(ŷ0 − l, ŷ0 + l),

Ù¥, P {ŷ0 − l < y0 < ŷ0 + l} = 1− α,

l = tα/2(n− 2)σ̂

√
1 +

1
n

+
(x̄− x0)2

Sxx
.
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���5£8�.: ýÿ

3¢S¯K¥§���Nþné��§Kéu3x̄NC�x0,k√
1 +

1
n

+
(x̄− x0)2

Sxx
≈ 1, tα/2(n− 2) ≈ Zα/2.

u´§d�y0��&Ý�1− α�ýÿ«m�Cq/{z�

(ŷ0 − σ̂Zα/2, ŷ0 + σ̂Zα/2).

~

¦~6.1.1�£8�§§¿é�A��§�u�. ¿¦X = 0.16��

AYýÿ�Ú�&Xê�0.95�ýÿ«m.
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���5£8�.

) |^R^�¥�lm()¦Ñ£8ëêβ̂0, β̂1 Ú��A�u�.
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���5£8�.

b�Y�ÏCþÚX1, · · · ,Xp−1�gCþ,

Y = β0 + β1X1 + · · ·+ βp−1Xp−1 + e,

Ù¥β0��å�, β1, . . . , βp−1�£8Xê, e��ÅØ�.

ngÕá*	êâµ(yi, xi1, · · · , xip−1), i = 1, · · · , n,k

yi = β0 + β1xi1 + · · ·+ βp−1xip−1 + ei, i = 1, · · · , n.

P

y =


y1
y2
...

yn

 , X =


1 x11 . . . x1,p−1
1 x21 . . . x2,p−1
...

...
...

1 xn1 . . . xn,p−1

 , β =


β0
β1
...

βp−1


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�5£8�.��O

Ý
/ªµ

y = Xβ + e, E(e) = 0, Cov(e) = σ2In, (6.1)

X = (1n, X̃), X̃�p− 1�gCþ�ng*ÿÝ
.

b�e1, · · · , enpØ�',þ���",����σ2.

b�X�÷�,=rk(X) = p =⇒ β ��.

�Äβ Úσ2 ���¦(LS)�O.
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LS�O

4�zl�²�Ú

Q(β) = ‖y− Xβ‖2 = (y− Xβ)′(y− Xβ).

-
∂Q(β)

∂β
= −2X′(y− Xβ) = 0,

)�β�LS�O:
β̂ = (X′X)−1X′y,

l
�σ2�LS�O

σ̂2 =
‖y− Xβ̂‖2

n− p
=

y′(In − PX)y
n− p

,

Ù¥PX = X(X′X)−1X′,¿¡‖y− Xβ̂‖2�í�²�Ú,P�SSE.
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LS�O�5�

½n6.1.1
3�5£8�.(6.1)e, βÚσ2�LS�O÷vXe5�:

(1)Ã 5: E(β̂) = β.

(2)����5: é?¿p× 1�þc, c′β̂�c′β����Z�5Ã 

(best linear unbiased, BLU)�O.

(3) σ̂2 = ‖y− Xβ̂‖2/(n− p)�σ2�Ã �O.

Ï�b�X �÷�£rkX = p¤, X′X�_§(1)áy. d½

n4.1.2Ú½n4.1.3áy�(2)Ú(3). (�[y²£8�e¡)
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�££�∗

�y = (y1, · · · , yn)′�n× 1�Å�þ,K�Å�þy�þ��þ�

E(y) = (E(y1), · · · ,E(yn))′.

�z = (z1, · · · , zm)′Úy = (y1, · · · , yn)′��Å�þ,K

Cov(z, y) = E[(z− E(z))(y− E(y))′]

=


Cov(z1, y1) Cov(z1, y2) · · · Cov(z1, yn)

Cov(z2, y1) Cov(z2, y2) · · · Cov(z2, yn)
...

...
. . .

...

Cov(zm, y1) Cov(zm, y2) · · · Cov(zm, yn)

 .
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�££�∗

�A�m× n��ÅÝ
, yÚb©O�n× 1Úm× 1�Å�þ,K

E(Ay + b) = AE(y) + E(b).

�A�m× n
, y�n× 1�Å�þ,K

Cov(Ay) = ACov(y)A′.

y�n× 1�Å�þ,K

E(y′By) = E(y)′CE(y) + tr(Cov(y)B).
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½n6.1.1�y²

y² d�Å�þ�5C���þ�þ�Ú����5�,á�

E(β̂) = (X′X)−1X′E(y) = (X′X)−1X′Xβ = β

Cov(β̂) = (X′X)−1X′Cov(y)X(X′X)−1 = σ2(X′X)−1

d�Å�þ�g.�Ï"úª§á�

E(σ̂2) =
1

n− p
E(y′(In − PX)y)

=
1

n− p

(
(Xβ)′(In − PX)(Xβ) + σ2tr(In − PX)

)
=

σ2(n− rk(X))

n− p
= σ2.
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½n6.1.1�y²

y²c′β��5Ã �O.

dÃ 5�y: é��β ∈ Rp§Ñk

E(a′y) = a′Xβ = c′β ⇐⇒ X′a = c.

u´

Var(a′y)− Var(c′β̂) = σ2(a′a− c′(X′X)−1)c)

= σ2a′(In − X(X′X)−1X′)a

≥ 0.

��Ø�ªA^
é¡��
�½´��½
§Ï�§��"A��Ñ

´1§�u"
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��b�eLS�O�5�

½n6.1.2
b��5£8�.(6.1)¥ e ∼ Nn(0, σ2In),K

(1) β̂ ∼ Np(β, σ2(X′X)−1).

(2) c′β̂ ∼ N(c′β, σ2c′(X′X)−1c), c′β̂ ´c′β�������Ã

 (minimum variance unbiased, MVU)�O.

(3) (n− p)σ̂2 ∼ σ2χ2
n−p,��β̂�pÕá.

AO/,

β̂i ∼ N(βi, σ
2cii), i = 0, 1, · · · , p− 1,

ùpcii �(X′X)−1�1(i + 1)�é��.
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�££�

���Å�þ

�n��Å�þy = (y1, · · · , yn)′äk�Ý¼ê

f (y) =
1

(2π)n/2|Σ|1/2 exp
{
−1

2
(y− µ)′Σ−1(y− µ)

}
,

Ù¥y = (y1, · · · , yn)′, −∞ < yi < +∞, µ = (µ1, · · · , µn)′, Σ > 0,K

¡y�n����Å�þ,P�Nn(µ,Σ).

χ2 ©Ù

�x ∼ Nn(µ, In). �ÅCþz = x′x�©Ù¡�gdÝ�n, �¥%ë

ê�λ = µ′µ�χ2©Ù, P�z ∼ χ2
n,λ. �λ = 0�, ¡z�©Ù�¥

%χ2©Ù,P�z ∼ χ2
n.
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�££�

�y ∼ Nn(µ,Σ), Σ ≥ 0, B�m× n?¿¢Ý
,K

By ∼ Nm(Bµ,BΣB′).

�x ∼ Nn(µ, In), Aé¡,K

x′Ax ∼ χ2
r,µ′Aµ ⇐⇒ A��, rk(A) = r.

�x ∼ Nn(µ, I), A�n× né¡
, C�m× nÝ
. e

CA = 0,

KCxÚx′Ax�pÕá.
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½n6.1.2�y²

y² (1) y ∼ Nn(Xβ, σ2In), β̂ = (X′X)−1X′y´y��5|Ü,�

β̂ ∼ Np(β, σ2(X′X)−1).

(2) Ï�c′β̂ ´β̂��5|Ü,�

c′β̂ ∼ N(c′β, σ2c′(X′X)−1c),

ÙMVU5�d½n4.1.5��.

(3) 5¿� In − PX �é¡��
, e/σ ∼ N(0, In),�

y(In − PX)y = e(In − PX)e ∼ σ2χ2
n−p=⇒(n− p)σ̂2 ∼ σ2χ2

n−p

duX′(In − PX) = 0,�y

β̂ = (X′X)−1X′y� σ̂2 = y(In − PX)y/(n− p)Õá
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¥%z��LS�O

3£8©Û¥,Ì�,�£8XêβI = (β1, β2, · · · , βp−1)′

�5£8�.�¥%z/ªµ

y = 1α0 + X̃cβI + e, E(e) = 0, Cov(e) = σ2In, (6.2)

Ù¥X̃c�¥%z��OÝ
§

X̃c =


x11 − x̄1 x12 − x̄2 · · · x1(p−1) − x̄p−1

x21 − x̄1 x22 − x̄2 · · · x2(p−1) − x̄p−1
...

...
...

xn1 − x̄1 xn2 − x̄2 · · · xn(p−1) − x̄p−1


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¥%z��LS�O

duX̃′c1n = 0,�(α0,βI)�LS�O�

α̂0 = ȳ, β̂I = (X̃′cX̃c)
−1X̃′cy,

Cov

 α̂0

β̂I

 = σ2

 1/n 0

0 (X̃′cX̃c)
−1

 .

ù�¯¢`²: 3¥%z�5£8�.¥,

~ê�α0 o´^ÏCþ*ÿ���â²þ�ȳ5�O

£8XêβI�LS�O�y = X̃cβI + e�LS�O�Ó

ùü��Oo´Ø�'�
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êâIOz

êâIOz��.

y = 1α0 + Zα + e, E(e) = 0, Cov(e) = σ2In,

Ù¥Z = (zij), zij =
xij−x̄j

sj
, i = 1, · · · , n, j = 1, · · · , p − 1,

s2
j = 1

n−1
∑n

i=1(xij − x̄j)
2,�1j�gCþXj�����.

(1) 1′nZ = 0;

(2) Z′Z = (rij)�X = (X1, · · · ,Xp−1)′����'XêÝ
RX,

rij =

∑n
k=1(xki − x̄i)(xkj − x̄j)

sisj
, i, j = 1, · · · , p− 1.

Ç�_ (BJUT) Chap6µ�5£8�. 33 / 108



LS�O

�¥%z: Ŷ = β̂0 + β̂1X1 + · · ·+ β̂p−1Xp−1;

¥%z: Ŷ = α̂0 + β̂1(X1 − x̄1) + · · ·+ β̂p−1(Xp−1 − x̄p−1);

¥%zIOz: Ŷ = α̂0 + α̂1
(X1−x̄1)

s1
+ · · ·+ α̂p−1

(Xp−1−x̄p−1)
sp−1

.

¥%zÚ¥%zIOz�¤��²�£8�§Ñ��êâe¤�

�²�£8�§�d.

α̂0 = β̂0 + β̂1x̄1 + · · ·+ β̂p−1x̄p−1,

α̂i = β̂i · si, i = 1, · · · , p− 1.
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êâIOz

IOz�Ð?:

^RX�±©Û£8gCþ�m��''X;

3�
¯K¥,Ã£8gCþ¤^�ü �UØ�Ó,����

���ØÓ,²LIOz��
ü Ú������É,ùBu

é£8Xê��O��ÚO©Û

¥%z�8�´ò£8XêÚ�å���O©lm, {z$�Ú�A

�O�ÚO5�(üÜ©�OØ�');

IOz�Ì�8�´�ØþjK�,¦�IOz��.�£8Xê�

���N�gCþéÏCþýÿ�­�§Ý.
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£8�§ÚXê�u�

���5£8�.

yi = β0 + xi1β1 + · · ·+ xi(p−1)βp−1 + ei, ei ∼ N(0, σ2), i = 1, · · · , n,

(6.3)

£8�§�wÍ5u�(½¡£8�§�[Ü`Ý)

H0 : β1 = · · · = βp−1 = 0←→ H1 : β1, · · · , βp−1Ø�� 0.

XJH0 : β1 = · · · = βp−1 = 0�áý, K�@�Y�5�6ug

CþX1, · · · ,Xp−1¥�����gCþ.

XJH0��É,K�@�¤kβi = 0, =�éuØ�
ó, ¤kg

CþéÏCþY�K�´Ø­��.
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£8�§ÚXê�u�

�{üP§æ^�.�¥%z�Ý
/ª:

y = 1α0 + X̃cβI + e, e ∼ Nn(0, σ2In),

ùpβI = (β1, β2, · · · , βp−1)′. �b�H0 �duβI = 0.

3��.(6.3)e, α0 ÚβI �LS�O�

α0 = ȳ, β̂I = (X̃′cX̃c)
−1X̃′cy.

òH0�\��.§��{�.:

yi = β0 + ei, ei ∼ N(0, σ2), i = 1, · · · , n.

T�.e, β0 �LS�O�ȳ.
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£8�§�wÍ5u�

�{�.�í�²�ÚÒ�uo²�Ú:

SSEH0 = SST = ‖y− ȳ1n‖2 = y′y− nȳ2 =

n∑
i=1

(yi − y)2.

��.(6.3)�í�²�Ú:

SSE = ‖y− α̂01n−X̃cβ̂I‖2 = y′y− nȳ2 − β̂′IX̃
′
cy = SST− SSR.

��.(6.3)�£8²�Ú:

SSR = SSEH0 − SSE = β̂′IX̃
′
cy = ‖X̃β̂I‖2.

�H0¤á�, ü�í�²�ÚSSEÚSSEH0�é
óATé�

C.
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£8�§�wÍ5u�

d���þ�g.�nØ§´y

SSE = y′(In − PX)y = y′(In − 1n1′n/n− PX̃c
)y ∼ σ2χ2

n−p,

SSRÚSSEÕá,

H0¤á�, SSR = β̂′IX̃′cy = y′PX̃c
y ∼ σ2χ2

p−1.

Fu�ÚOþ

F =
SSR/(p− 1)

SSE/(n− p)
=

(β̂′IX̃′cy)/(p− 1)

SSE/(n− p)
. (6.4)

��b�H0¤á�, F ∼ Fp−1, n−p. �½�Y²α, eF >

Fp−1, n−p(α), Káý�b�H0, @�£8�§wÍ, ÄK�

ÉH0,@�£8�§ØwÍ.
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£8�§�wÍ5u�

o²�ÚSST =
∑n

i=1(yi − y)2 �©)�£8²�ÚSSR�í�

²�ÚSSEüÜ©,=

SST = SSR + SSE,

SSR�N
�CþXé�ACþYCÄ²�Ú��z

SSE�N
�ÅØ��CÄéo²�Ú��z

u�ÚOþF Ò´rSSR�SSE?1'�

�£8²�ÚSSR�éí�²�ÚSSE'���, Òáý�b

�,@�£8�����*ÿ��[Ü�J´wÍ�.
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£8�§�wÍ5u�

é�5£8�wÍ5u�£½[Ü`Ýu�¤¦^e¡���

©ÛL?1)º.

Table: ��©ÛL

��5
 ²�Ú gdÝ þ� F'�

£8 SSR p− 1 MSR = SSR/(p− 1) F =
MSR
MSE

Ø� SSE n− p MSE = SSE/(n− p)

oÚ SST n− 1
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£8Xê�wÍ5u�

5 £8�§�wÍ5u�´é�5£8�§����N5u�.

5 XJu�(J´áý�b�,Kù¿�XÏCþY�5/�6u

£8gCþX1, · · · ,Xp−1�N.�¿ØüØ,
βi�U�u".

Ïd§3áýH0 : β1 = · · · = βp−1 = 0�,�I�éz�gCþ

Å��wÍ5u�,=é�½�i,�Ä

£8Xê�wÍ5u�

Hi0µ βi = 0←→ Hi1 : βi 6= 0. (6.5)
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£8Xê�wÍ5u�

�â½n6.1.2�µ

β̂i ∼ N(βi, σ
2cii), i = 1, · · · , p − 1, ùpcii �(X′X)−1 �1i +

1�é��(=(X′cXc)
−1�1i�é��).

σ2�LS�Oσ̂2 = ‖y− Xβ̂‖2/(n− p) ∼ σ2

n−pχ
2
n−p.

σ̂2�β̂i�pÕá.

��b�Hi0¤á�,k

ti =
β̂i

σ̂
√

cii
∼ tn−p, (6.6)

ùptn−pL«gdÝ�n− p�t©Ù.

Ç�_ (BJUT) Chap6µ�5£8�. 43 / 108



£8Xê�wÍ5u�

£8Xê�wÍ5u�

Hi0µ βi = 0←→ Hi1 : βi 6= 0,

u�ÚOþ�

ti =
β̂i

σ̂
√

cii
.

é�½�u�Y²α,�

|ti| > tn−p(α/2)

½P�
pi = P(tn−p ≥ |ti|) < α/2,

Káý�b�Hi0§@�βi 6= 0. ÄKÒ�ÉHi0.
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wÍ5u��Y~

uÀz¯KY~(Mallows,1964)
Y�Àz�uM�¥¤¹,��­þ, X1L«Ñ\ÀzL§�M�¤

¹�u�,��'; X2´M��pH�; X3L«M�6þ. Á�8�:

ÏL�|Á�êâ,ïáÀz�ÇY�Ï�X1,X2ÚX3�²�'X,â

dÏL��,
gCþ5JpÀz�Ç.uÀzêâXeµ

?Ò X1 X2 X3 Y ?Ò X1 X2 X3 Y

1 1.50 6.00 1315 243 7 2.00 7.50 1575 183
2 1.50 6.00 1315 261 8 2.00 7.50 1575 207
3 1.50 9.00 1890 244 9 2.50 9.00 1315 216
4 1.50 9.00 1890 285 10 2.50 9.00 1315 160
5 2.00 7.50 1575 202 11 2.50 6.00 1890 104
6 2.00 7.50 1575 180 12 2.50 6.00 1890 110
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wÍ5u�Y~

æ^�5£8�.:

Y = β0 + β1X1 + β2X2 + β3X3 + e

β = (β0, β1, β2, β3)′ �LS�O:

β̂ = (X′X)−1X′y = (397.087,−110.750, 15.583,−0.058)′

σ2�LS�O: σ̂2 = SSE/(n− p) = 435.86.

(X′X)−1 = 10−4


90359.20696 −10000 −4166.6667 −0024.02251

−10000.0000 5000 0.0000 0.000

−4166.6667 0.0000 0555.5556 0.0000

−0024.0225 0.0 0.0000 0000.0151


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wÍ5u�Y~

�Ä�5£8�§�wÍ5u�,=u�b�

H0µ β1 = β2 = β3 = 0←→ H1µ β1, β2, β3 Ø��0.

O��ȳ = 199.5833. ?�Ú���²�Ú��A�gdÝµ

SST =

12∑
i=1

(yi − 199.5833)2 = 31156.02, fT = 12− 1 = 11,

SSE = (y− Xβ̂)′(y− Xβ̂) = 3486.89, fE = 12− 4 = 8,

SSR = SST− SSE = 34642.91− 3486.89 = 31156.02, fR = 3.

�wÍ5Y²α = 0.05. d

F =
SSR/fR
SSE/fE

=
10385.33
435.86

= 23.83 > F3, 8(0.05) = 4.07
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wÍ5u�Y~

½

P(F3, 8 > 23.83) = 0.00024 < α = 0.05,

�áýH0,@�£8�§wÍ.

Table: ��©ÛL

��5
 ²�Ú gdÝ þ� F '� p�

£8 31156.02 3 10385.33 23.83 0.00024

Ø� 3486.89 8 435.86

oÚ 34642.91 11
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wÍ5u�Y~

�Ä£8Xê�wÍ5u�,=u�b�

H0µ βi = 0←→ H1µ βi 6= 0.

β̂1, β̂2Úβ̂3�IO���O�

s(β̂1) =
√
σ̂2c11 =

√
435.86× 0.49998 =

√
217.9230 = 14.7625,

s(β̂2) =
√
σ̂2c22 =

√
435.86× 0.05556 =

√
24.21444 = 4.9208,

s(β̂3) =
√
σ̂2c33 =

√
435.86× 0.0000011 =

√
0.00066 = 0.0256.
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wÍ5u�Y~

n�£8XêwÍ5u�éA�ÚOþti ��©O�

t(1) =
β̂1

s(β̂1)
=
−110.750
14.7625

= −7.502, p� = 2P(t8 > |t(1)|) = 0.0000691

t(2) =
β̂2

s(β̂2)
=

15.583
4.9208

= 3.167, p� = 2P(t8 > |t(2)|) = 0.013258

t(3) =
β̂3

s(β̂3)
=
−0.058
0.0256

= −2.274, p� = 2P(t8 > |t(3)|) = 0.052565

é�½�Y²α = 0.05,�L�t8(0.025) = 2.3060,

|t(1)| > t8(0.025), |t(2)| > t8(0.025), |t(3)| < t8(0.025),

�áýb�β1 = 0Úβ2 = 0,�ØUáýb�β3 6= 0.
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wÍ5u�Y~

íØCþX3§^R�ó¥�¼êlm()O�(Jµ
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wÍ5u�Y~

íØCþX3�§­#O��²�£8�§�

Y = 304.208− 110.750X1 + 15.583X2.

R�ó�$1(JL²µF-statistic =22.66, P�=0.0003069. Ï

d,3Y²α = 0.05e§T�.�£8�§wÍ¶

£8Xêβ1Úβ2wÍ, Ï�éA�t u��P-value=0.000159,

0.027911. âd�ÏL��gCþX1ÚX25JpÀz�Ç.

g�µ

�õ�£8Xê�u��ØwÍ�§´Ä�±�ÜíØº
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E�'Xê

½Â:E�'Xê(multiple correlation coefficient)
^5Ýþ�ÅCþ��Å�þ�'§Ý�þ. PY ÚX =

(X1, · · · ,Xp−1)′ ©O��ÅCþÚ(p− 1)× 1��Å�þ,�

Cov

 Y

X

 =

 σ2
Y σ′XY

σXY ΣXX

 4
= Σ0.

K¡

ρ =
(
σ′XYΣ

−1
X σXY

)1/2
/
σY

�YÚX�E�'Xê.
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E�'Xê

E�'Xêρ�x
�ÅCþY��Å�þXm��5�'§Ý,

=Y�X��5|Üa′X����'Xê. dCauchy-SchwarzØ

�ª,áy

ρ = max
a
ρY,a′X = max

a

a′σXY

σY
√

a′ΣXa
=
(
σ′XYΣ

−1
X σXY

)1/2
/
σY ,

Ù¥a�(p− 1)¢ê�mþ�?¿��"�þ. 0 ≤ ρ ≤ 1.

Cauchy-SchwarzØ�ª
�aÚb´ü��ê�Ó�¢ê�þ, K(a′b)2 ≤ (a′a)(b′b), Ù�Ò¤

á��=��3�"~êc¦�a = cb.
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��E�'Xê

��E�'Xê

R =

(
β̂′IX̃′cy∑
i(yi − ȳ)2

)1/2

,

Ù¥,

σ̂2
Y =

1
n

∑
i

(yi − ȳ)2, Ù¥ ȳ =
1
n

∑
i

yi,

Σ̂XX =
1
n

X̃′cX̃c, σ̂XY =
1
n

X̃′c(y− ȳ1) =
1
n

X̃′cy.

E�'Xê�²�(Multple R-Squares)

R2 =
SSR
SST

= 1− SSE
SST

(6.7)
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E�'Xê

51 eR2 = 1, KSSR = SST, ÏCþY�gCþX1, · · · ,Xp−1�mk

î���5'X.eR2 = 0,KSSR = 0, Y�X1, · · · ,Xp−1�mÃ

?Û�5'X.

52 Ï~0 < R2 < 1. R2��,L²Y�gCþX1, · · · ,Xp−1 �m��

5'X§Ý�r.

E�'Xê�²�R2�´Ýþ£8�§é*ÿ�

{(xi, yi), i = 1, · · · , n}

[Ü§Ý�Ð�½ö£8�§)ºUå������­��I,

©z¥�¡Ù��½Xê
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N��E�'Xê

5¿�

R2 = 1− SSE
SST

,

Ù¥í�²�ÚSSE ¬�X�.¥Ú\�gCþ�O\
~

�§Ïd§òÙ¥SSEÚSST'�¤§��þ�',B��

N��E�'Xê�²�, Adjusted R-Squares

R2
A = 1− SSE/(n− p)

SST/(n− 1)
= 1− n− 1

n− p
(1− R2). (6.8)

£8�§�wÍ5u�Ú£8Xê�wÍ5u�§±9�½X

êR2 Ñ�^R�ó�¼êlm()O�§¼êsummary()J�&E.
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£8~�Aa¯K

õ�£8XêØwÍ,XÛ?nº

£8�§wÍ,�¤k�£8XêÑØwÍ,No)ºº

XJA|êâ�Ñ�£8Xê��O!u�!£8�§�wÍ

5u�ÚOþ, ±9�½XêÑCq��§´ÄU`²ùA|

êâ�^Ó���.�ýÿº

©O^n�~f5Ð«¯K.
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~6.2.2 ýÿ<Ná\�í��Ç¯K
31¶¥cI57��I:á��Ç(Y)!c#(X1)!N­(X2)!�1.5Z

�¤I�m(X3)!>E�%Ç(X4)!�Ú�%Ç(X5)Ú�p%Ç(X6).

?Ò Y X1 X2 X3 X4 X5 X6 ?Ò Y X1 X2 X3 X4 X5 X6

1 44.609 44 89.47 11.37 62 178 182 17 40.836 51 69.63 10.95 57 168 172

2 45.313 40 75.05 10.07 62 185 185 18 46.672 51 77.91 10.00 48 162 168

3 54.297 44 85.84 8.65 45 156 168 19 46.774 48 91.63 10.25 48 162 164

4 59.571 42 68.15 8.17 40 166 172 20 50.388 49 73.37 10.08 67 168 168

5 49.874 38 89.02 9.22 55 178 180 21 39.407 57 73.37 12.63 58 174 176

6 44.811 47 77.45 11.63 58 176 176 22 46.080 54 79.38 11.17 62 156 165

7 45.681 40 75.98 11.95 70 176 180 23 45.441 56 76.32 9.63 48 164 166

8 49.091 43 81.19 10.85 64 162 170 24 54.625 50 70.87 8.92 48 146 155

9 39.442 44 81.42 13.08 63 174 176 25 45.118 51 67.25 11.08 48 172 172

10 60.055 38 81.87 8.63 48 170 186 26 39.203 54 91.63 12.88 44 168 172

11 50.541 44 73.03 10.13 45 168 168 27 45.790 51 73.71 10.47 59 186 188

12 37.388 45 87.66 14.03 56 186 192 28 50.545 57 59.08 9.93 49 148 155

13 44.754 45 66.45 11.12 51 176 176 29 48.673 49 76.32 9.40 56 186 188

14 47.273 47 79.15 10.60 47 162 164 30 47.920 48 61.24 11.50 52 170 176

15 51.855 54 83.12 10.33 50 166 170 31 47.467 52 82.78 10.50 53 170 172

16 49.156 49 81.42 8.95 44 180 185
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UÄÓ�íØCþX2ÚX4?
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~6.2.3 HaldYY¯K
�	¹Xeo«zÆ¤©:

X1µ 3CaO·Al2O3�¹þ(%), X2µ 3CaO·SiO2�¹þ(%),

X3µ 4CaO·Al2O3·Fe2O3�¹þ(%), X4µ 2CaO·SiO2�¹þ(%)

�,«YY,z��¤º��9þY�ùo«¤©¹þ�m�'X.

SÒ X1 X2 X3 X4 Y SÒ X1 X2 X3 X4 Y

1 7 26 6 60 78.5 8 1 31 22 44 72.5

2 1 29 15 52 74.3 9 2 54 18 22 93.1

3 11 56 8 20 104.3 10 21 47 4 26 115.9

4 11 31 8 47 87.6 11 1 40 23 34 83.8

5 7 52 6 33 95.9 12 11 66 9 12 113.3

6 11 55 9 22 109.2 13 10 68 8 12 109.4

7 3 71 17 6 102.7
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$1�(Jw«:

£8�§wÍ£Fu��p�=4.756e− 07 < 0.05¤;

Y�(X1,X2,X3,X4)m�3r��5'X£R2
A = 0.9736¤;

4�£8XêÑØUüØ�0b�£z�£8Xê�tu��p�

Ñ�uwÍ5Y²α = 0.05¤. ù�£8�§wÍ´Ägñº
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£8�§wÍ
£8XêÑØwÍ��Ï&Äµ

Y

5
10

15
20

5
10

15
20

80 90 110

5 10 15 20

X1

X2
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5 10 15 20

X3

80
90

11
0
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40

50
60

70

10 30 50

10
30

50

X4

£8�§wÍ��Ï: YÚz�Cþ��'5Ñ'�r, cÙ

�X4ÚX2;

z�£8XêÑ�u�ØwÍ��Ï:gCþX1�X3±9X2�X4

pÝ�'.
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£8�§wÍ
£8XêÑØwÍ��Ï

�Cþ�ÏCþ��ÒØ�5�'¶

gCþ�m�3�r��5�'(=E��¯K).

)û�{

�é1�«�/§�/ÏuCþÀJ�{5(½�ª��.�£8g

Cþ(�6.3!)¶

�é1�«�/, Ø
�±CþÀJ�{	, ��ÏL*£8!Ì¤

©£8��{5Uõ�.��O(�6.6!);

�ü«�¹Ñ�3§�¨v¼ê�CþÀJ�{Ï~�k�(6.3!).
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Anscombeêâ
Anscombe(1973)�E
ü�CþYÚX�o|êâ, ��BLã,

P(Yj,Xj)�1j|êâéA�ÏCþÚgCþ§z|êâk11é*ÿ

�,Ù¥cn|êâgCþ���Ó

?Ò
1| 2| 3| 4|

X1 Y1 X2 Y2 X3 Y3 X4 Y4

1 10.0 8.04 10.0 9.14 10.0 7.46 8.0 6.58

2 8.0 6.95 8.0 8.14 8.0 6.77 8.0 5.76

3 13.0 7.58 13.0 8.74 13.0 12.74 8.0 7.71

4 9.0 8.81 9.0 8.77 9.0 7.11 8.0 8.84

5 11.0 8.33 11.0 9.26 11.0 7.81 8.0 8.47

6 14.0 9.96 14.0 8.10 14.0 8.84 8.0 7.04

7 6.0 7.24 6.0 6.13 6.0 6.08 8.0 5.25

8 4.0 4.26 4.0 3.10 4.0 5.39 19.0 12.5

9 12.0 10.84 12.0 9.13 12.0 8.15 8.0 5.56

10 7.0 4.82 7.0 7.26 7.0 6.44 8.0 7.91

11 5.0 5.68 5.0 4.74 5.0 5.73 8.0 6.89

Ç�_ (BJUT) Chap6µ�5£8�. 65 / 108



y¢o|êâ��Cq�Ó�²�£8�§Y = 3.0 + 0.5X, £

8�§(£8XêwÍ), p�≈ 0.0022, R2
A ≈ 0.67.

UÄ@��.Y = β0 + β1X + eéùo|êâ·Ü§Ý��º
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11|êâ: ���5£8(¢·��

12|êâ: ½N"�
X��g�½�pg�¶

13|êâ: �õêêâ:Ü·,�Õ1n�*ÿ��l£8��

14|êâ: ØU@�YÚX�3,«�5'X.
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CþÀJ

��.

y = Xβ + e, E(e) = 0, Cov(e) = σ2In, (6.11)

ùpy�n× 1*ÿ�þ, X = (1n, X̃)�n× p��÷��O
.

À�.

y = Xqβq + e, E(e) = 0, Cov(e) = σ2In, (6.12)

ùpXq¥�¹
~ê�,�dX�q�|¤. Ø���5§P

X = (Xq,Xt), β = (β′q,β
′
t)
′

Ç�_ (BJUT) Chap6µ�5£8�. 68 / 108



CþÀJé�O�K�

3��.e,£8Xêβ�LS�O�

β̂ = (β̂′q, β̂
′
t)
′ = (X′X)−1X′y,

3À�.e, βq�LS�O�

β̃q = (X′qXq)−1X′qy.

½n6.3.1
b���.�(,K

(1) E(β̃q) = βq + Aβt,ùpA = (X′qXq)−1X′qXt;

(2) Cov(β̂q) ≥ Cov(β̃q).
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½n6.3.1�y²

y² (1)�dXeí��y§

E(β̃q) = (X′qXq)−1X′qE(y) = (X′qXq)−1X′q(Xq,Xt)

(
βq

βt

)

= (Iq,A)

(
βq

βt

)
= βq + Aβt.

(2) Cov(β̂) = σ2(X′X)−1.d©¬Ý
�_Ý
úª(½n2.2.4)(
X′qXq X′qXt

X′tXq X′tXt

)−1

=

(
(X′qXq)−1 + ADA′ −AD

−DA′ D

)
,
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½n6.3.1�y²

á�

Cov(β̂q) = σ2((X′qXq)−1 + ADA′),

ùpD = (X′t(In − PXq)Xt)
−1. duCov(β̃q) = σ2(X′qXq)−1,�

Cov(β̂q)− Cov(β̃q) = σ2ADA′.

Ï�(X′X)−1 > 0,¤±D > 0. u´y�

Cov(β̂q) ≥ Cov(β̃q).
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k �O�'�OK

þ�Ø�Ý
(mean square error matrix, MSEM)

MSEM(θ̃) = E(θ̃ − θ)(θ̃ − θ)′.

5 k �O��O°Ý�æ^MSEMïþ.

MSEM��O����
Ú ��þ�'X

MSEM(θ̃) = Cov(θ̃) + (Eθ̃ − θ)(Eθ̃ − θ)′.
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CþÀJé�O�K�

½n6.3.2

b���.�(,K�Cov(β̂t) ≥ βtβ
′
t�,

MSEM(β̂q) ≥ MSEM(β̃q).

y² �½n6.3.1á�

MSEM(β̃q) = σ2(X′qXq)−1 + Aβtβ
′
tA
′.

5¿�β̂q�Ã �O,¤±

MSEM(β̂q) = σ2((X′qXq)−1 + ADA′).

qÏCov(β̂t) = σ2D, ��Cov(β̂t) ≥ βtβ
′
t�, MSEM(β̂q) ≥

MSEM(β̃q).½n�y.
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CþÀJéýÿ�K�

b�

y0 = x′0β + ε = x′0qβq + x′0tβt + ε,

ùp, E(ε) = 0, Var(ε) = σ2, ε�eØ�'.

A^²�£8�.ýÿgCþ x0 = (x′0q, x
′
0t)
′ éA�ÏCþ y0 ��.

3��.e, y0�:ýÿ ŷ0 = x′0β̂ = x′0qβ̂ + x′0tβ̂t, ýÿ 

� z = x′0β̂ − y0.

3À�.e, y0�:ýÿ ỹ0 = x′0qβ̃q,ýÿ � zq = x′0qβ̃q − y0.

e��.(6.11)�(,Kýÿŷ0´Ã �,=E(z) = 0.
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CþÀJéýÿ�K�

½n6.3.3
b���.(6.11)�(,K

(1) E(zq) = x′0qAβt − x′0tβt,ùpA = (X′qXq)−1X′qXt;

(2) Var(z) ≥ Var(zq).

y² dE(y0) = x′0qβq + x′0tβt Ú½n6.3.1,á�(1).

(2)�b�, ε�eØ�',�

Var(z) = σ2(1 + x′0(X′X)−1x0), Var(zq) = σ2(1 + x′0q(X′qXq)−1x′0q).

A^(X′X)−1�©¬Ý
�_,�
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½n6.3.3�y²

Var(z)− Var(zq)

= σ2

(
x′0

(
(X′qXq)−1 + ADA′ −AD

−DA′ D

)
x0 − x′0q(X′qXq)−1x0q

)

= σ2(x′0qADA′x0q − 2x′0qADx0t + x′0tDx0t)

= σ2(A′x0q − x0t)
′D(A′x0q − x0t) ≥ 0. ½ny..

ù�½n�1�^(Ø`², ���.�(�, dÀ�.���ý

ÿỹ0 Ø´Ã �. Ïd��ØUÝþýÿ�`�.
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CþÀJéýÿ�K�

ýÿþ�Ø�(mean square error of prediction, MSEP)
ỹ0�ýÿþ�Ø�½Â�

MSEP(ỹ0) = E(ỹ0 − y0)2 = E(z2
q) = Var(zq) + (E(zq))2. (6.13)

½n6.3.4

b���.(6.11)�(,K�Cov(β̂t) ≥ βtβ
′
t�,

MSEP(ŷ0) ≥ MSEP(ỹ0).

Ç�_ (BJUT) Chap6µ�5£8�. 77 / 108



½n6.3.4�y²

y² �úª(6.13),�

MSEP(ŷ0) = Var(z).

�âb�^�9½n6.3.1(1),k

(E(zq))2 = (x′0qAβt − x′0tβt)
2 = (x′0qA− x′0t)βtβ

′
t(A′x0q − x0t)

≤ (x′0qA− x′0t)Cov(β̂t)(A′x0q − x0t).

Ï�Cov(β̂t) = σ2D,�(E(zq))2 ≤ Var(z)− Var(zq),l
k

MSEP(ŷ0) = Var(z) ≥ Var(zq) + (E(zq))2 = MSEP(ỹ0).

½ny..
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CþÀJéýÿ�K�(Ø

��.�(�,K

ÄuÀ�.��OÚýÿÏ~Ñ´k �¶

GØ�
éÏCþK����gCþ, �¦�{Ü©gCþ�

£8Xê�LS�O°ÝÚÏCþ�ýÿ�°ÝJp.

�x�ÏCþ'XØ´é���Cþ��«Ýþµ

Cov(β̂t) ≥ βtβ
′
t .

Ù3��.e��O

σ̂2(X′t(In − PXq)Xt)
−1 ≥ β̂tβ̂

′
t
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µd£8�§�OK

À�.�í�²�Ú

SSEq = ‖y− Xqβ̃q‖2 = y′(In − PXq)y

�N
êâ��.�[Ü§Ý.�SSEq �XqO\
~�.

�
��L[Ü§�«�{´V\éO\Cþ�¨vÏf.

~��OKµ

R2
AOK(½RMSqOK)

R2
A = 1− (n− 1)

MSEq

SST
, MSEq =

SSEq

n− q
.

U“R2
A���Ð"(½“MSEq���Ð" )ÀJgCþf8.
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µd£8�§�OK

CpOK( Mallows,1973)

Cp =
SSEq

σ̂2 − (n− 2q).

U/Cp���Ð0ÀJgCþf8.

ÚOþCp�5


Cp ´éÄuÀ�.�ýÿ�ỹ�Ï"�E(y)��m�É�ïþ,

Γq =
E(ỹ− E(y))′(ỹ− E(y))

σ2 = q +
β′tD−1βt

σ2 .

duE
(

SSEq
σ2

)
= (n− q) + β′t D−1βt

σ2 ,u´Γq = E
(

SSEq
σ2

)
− (n− 2q)
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µd£8�§�OK

PRESSOK

ýÿØ�²�Ú( prediction sum of squares, PRESS)

PRESSq =

n∑
i=1

(yi − ŷi(i)),

Ù¥ŷi(i) = x′qiβ̂q(i)�yi3À�.e�ýÿ�, ùp, xqi�Xq�

1i1�þ, β̂(i)��.�K1i�*ÿ��¤��βq�LS�O.U

/PRESS���Ð0ÀJgCþf8.

PRESS��´À�.���y£cross validation, CV¤�ýÿØ�

²�Ú§Ny
�.��zUå.
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µd£8�§�OK

AICOK

´dF�ÚOÆ[Akaike(1973)JÑ�,^u²ï�.ÀJ¥�

.E,Ý£�.gdëê��ê¤Ú°Ý£[ÜÝ¤. TOK

ïá3&E��VgÄ:þ,´é4�q,�n���*Ð.

AICÚOþ

AIC = −2 ln L(θ̃; y) + 2q.

AICOKÒ´ÀJ¦AIC�����gCþf8.

b�e ∼ Nn(0, σ2In),Ñ��qÃ'�§�

AIC = n ln(SSEq) + 2q.
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AICÚOþ

de ∼ Nn(0, σ2In)�q,¼ê

L(βq, σ
2; y) = (2πσ2)−n/2exp

(
− 1

2σ2 ‖y− Xqβq‖2
)
.

N´¦�βqÚσ
2�4�q,�O©O�

β̃q = (X′qXq)−1X′qy, σ̃2
q =

SSEq

n
=

y′(Iq − Xq(X′qXq)−1X′q)y
n

.

òÙ�\éêq,¼ê,�

ln L(β̃q, σ̃
2
q; y) = −n

2
ln(2π)− n

2
ln(σ̃2

q)− n
2

= −n
2

ln(SSEq) +
n
2

ln
( n

2π

)
− n

2

Ñ��qÃ'�~ê�§�AIC = n ln(SSEq) + 2q.
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µd£8�§�OK

���þné��,dAICOK´õÀ�Cþ.

BICOK

Schwarz(1978)l��d*:ÑuJÑ
BICOK.

BICÚOþ

BIC = −2 ln L(θ̃; y) + q ln n.

BICOKÒ´ÀJ¦AIC�����gCþf8

b�e ∼ Nn(0, σ2In),Ñ��qÃ'�§�

BIC = n ln(SSEq) + q ln(n)
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AICOKÚBICOK

�AIC�', BIC�Ä
��êþ�K�,Ù¨v��q ln(n).

�n > 7�,

qln(n) > 2q,

�3��þ��BIC�'AICé�.ëê¨v�õ, ��uÀJ

ëê���..

©z¥�kõ«éAICÚBICOK�*Ð,X

SBICOK(Sawa, 1978)

ºx)äOK(RIC) (Foster & George, 1994)

*Ð�BICOK(EBIC) (Foygel & Drton, 2010)�.
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�.¤k�U£8f�.

~6.2.3¥��¹4�gCþ. du£8�§±u�´wÍ�,Ïd¤k�
U�£8f�.�k24 − 1 = 15�, (=�K¤kCþÑØÀ��/).

Table: ¤k�U£8f�.�R2, R2
A, Cp, PRESS, AICÚBIC��

?Ò �.¥�Cþ R2 R2
A Cp PRESS AIC BIC

1 X4 0.675 0.645 138.731 0.560 97.744 99.439
2 X2 0.666 0.636 142.486 0.557 98.070 99.765
3 X1 0.534 0.492 202.549 0.374 102.412 104.107
4 X3 0.286 0.221 315.154 0.037 107.960 109.655
5 X1, X2 0.979 0.974 2.678 0.965 64.312 66.572
6 X1, X4 0.972 0.967 5.496 0.955 67.634 69.894
7 X3, X4 0.935 0.922 22.373 0.892 78.745 81.005
8 X2, X3 0.847 0.816 62.438 0.742 89.930 92.189
9 X2, X4 0.680 0.616 138.226 0.462 99.522 101.782

10 X1, X3 0.548 0.458 198.095 0.183 104.009 106.269
11 X1, X2, X4 0.9823 0.9764 3.018 0.969 63.866 66.691
12 X1, X2, X3 0.9823 0.9763 3.041 0.967 63.904 66.728
13 X1, X3, X4 0.981 0.975 3.497 0.965 64.620 67.445
14 X2, X3, X4 0.973 0.964 7.337 0.946 69.468 72.293
15 X1, X2, X3, X4 0.9824 0.974 5.000 0.959 65.837 69.226
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��.(?Ò�15��.) �R2���; f�.11�R2
A���;

Cp ÚPRESS�©O3?Ò�5Ú4�f�.e��;

AICÚBIC����f�.©OuéAuR2
A���ÚCp����?Ò�11Ú5�f�..
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CþÀJ�gÄ|¢�{

Uì,CþÀJOK§ÀJCþ�æ^±e�{µ

�`f8ÀJ(best subset selection){

g�µé2p−1��U�£8�.?1'�.

c�ÀJ(forward){

g�µÅ�Ú\Cþ,��vk�ÚCþ��.

��GØ(backward){

g�µÐ©�.��¹�NgCþ��.,,�Å�GØ.

ÅÚ£8(stepwise){

g�µk?kÑ, =3c�ÀJ{/��GØ{�z�ÚO\


N\^�,�ÄéykCþ�GØ/�.	Cþ�Ú\¯K
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CþÀJ�gÄ|¢R�ó

3R�ó¥,�±¦^¼êstep()?1CþÀJ.

¦^�ª�

step(object, scope, scale = 0, direction = c("both", "backward",

"forward"), trace = 1, keep = NULL, steps = 1000, k = 2, ...)

Ù¥object´lm()½glm()¼ê©Û�(J

scope´(½ÅÚ|¢�«�

direction´(½ÅÚ|¢���µ

"both"´"ÅÚ£8"§"backward"´��{(�~�Cþ)

"forward"´c�{(�O\Cþ),%@��"backward".

k��ê,L«gdÝê8��ê, k=2£%@¤�AICOK;

k=log(n)�BICOK.
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~6.2.3CþÀJ(��)
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~6.2.3CþÀJ(ÅÚ£8)
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AICOKe�À�.£8(J
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BICCþÀJ(J
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�L0¨v¼ê�CþÀJ�{

�L0¨v¼ê����¦8I¼ê

‖y− Xβ‖2 + nλ
p−1∑
j=1

I(|βi| 6= 0), (6.14)

Ù¥λ�N!ëê(turning parameter), I(·)´«5¼ê.

&EOKÀJCþ��{�Ñ�=z���z(6.14),

AICOKµ λ = σ
√

2/n

BICOKµ σ
√

ln(n)/n
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�Ø ¨v¼ê�CþÀJ�{

�Ø ¨v¼ê����¦8I¼ê

‖y− Xβ‖2 +

p−1∑
j=1

pλ(|βi|), (6.15)

Ù¥pλ(·)�¨v¼ê, λ�N!ëê½�äëê,´^5���.�

E,Ý.

λ�À�§�æ^êâ°Ä�OKµ

���y(CV)

2Â^���y(GCV)

BICOK
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Ø �O¤I÷v�5�

Fan & Li (2001)ïÆ

��Ð�¨v¼êò¦�Ñ�ÚOþäkn^5�:
Ã 5µ

�ýëêé��§����Oþ´ìCÃ �§±;�Ø7�

�ï� �;

DÕ5µ

¤����Oþ´�����§gÄr��ëê©þ�O

¤0§±B~��.�E,5;

ëY5µ

¤��Oþ3êâ:?´ëY�,;��.ýÿ�Ø­½5.
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Ø ¨v¼ê

±{ü8I¼ê1
2(z− θ)2 + pλ(|θ|)�~§n«~��¨v¼êpλ(|θ|)µ

Lasso¨v¼ê(Tibshirani, 1996):

pλ(|θ|) = λ|θ|;

M��¨v¼ê( Antoniadis, 1997):

pλ(|θ|) = λ2 − (|θ| − λ)2I(|θ| < λ);

SCAD¨v¼ê(Fan, 1997): Ù�ê�

p′λ(|θ|) = λ

{
I(|θ| ≤ λ) +

(aλ− |θ|)+

(a− 1)λ
I(|θ| > λ)

}
,

Ù¥a > 2. FanÚLi (2001)lBayes�ÝïÆ�a = 3.7.
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Ø ¨v�O

4�z8I¼ê 1
2(z− θ)2 + pλ(|θ|),�n«¨v¼êpλ(|θ|)e����

¦�Oµ

Lasso¨v���¦�O£k ¤

θ̂ = sgn(z)(|z| − λ)+;

M��¨v���¦�O£ØëY¤

θ̂ = zI(|z| > λ).

SCAD¨v���¦�O(Ã §DÕ§ëY)

θ̂ =


sgn(z)(|z| − λ)+, |z| < 2λ,

{(a− 1)z− sgn(z)aλ/(a− 2)}, 2λ ≤ |z| ≤ aλ,

z, |z| > aλ.
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Ø ¨v¼ê!�A��O

Lasso¨v!M��¨v!SCAD¨v¼êÚ¦���g%Cãµ

4�z8I¼ê§éA�Lasso!M��¨v!SCAD¨ve�)ãµ
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g·ALasso (adaptive Lasso)

Zou (2006)JÑ
g·ALasso (adaptive Lasso)¨v¼êµ

pλ(|βi|) = λŵi|βi|,

ùpŵi = 1/|β̂i|
γ
,Ù¥β̂i ��.(6.11)�LS�O, γ�N!ëê.

g·ALasso�O

β̂aLasso = arg min
β

 1
2n
‖Y − Xβ‖2

2 + λ

p−1∑
j=1

ŵj|βj|

 . (6.16)

g·ALasso�Ä�g�µéuLS�O¥��£8XêØ?1

¨v,
éu�Cu0�£8Xê�¦þ��¨v,¿Ø �0.
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g·ALasso (adaptive Lasso)

�N!ëê�λ = 2�§eã©O�Ñ
γ = 0.5Úγ = 2�g·

ALasso���¼êãµ

lã¥�±wÑ§XJÀ�Ü·�γ, g·ALasso�)ò÷v

Ã 5!DÕ5ÚëY5.
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Ø ¨v�{�A^

5 ØÓuc¡�Ø ¨v�{§Ø ¨v�{�9K�, I�

éy¥%z,éX�p− 1��CþX1, · · · ,Xp−1IOz.

3R�ó¥,y¤�¼ê.

Lasso£8©Ûµ glmnet!gcdnet!lars

SCAD£8©Ûµ ncvreg

g·ALasso©Ûµ msgps
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~f

~6.3.2 £Y~6.2.2ýÿ<Ná\�í��Ç¯K¤
é~6.2.2�êâ,©Oæ^R�ó¥�A�§S�?1Lasso!g·

ALassoÚSCAD£8©Û.

)

�ëêalpha=1,^¼êglmnet()?1Lasso©Û;

^¼êpath.plot()±�Lasso�O�´»ã;

^10ò���y�{�¼êcv.glmnet()À��`�N!ë

êλ§¿±����yØ�ã.
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R§S

§SÚÑÑ(JXe:
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�âØÓλ���,�±���¹ØÓCþ��.,`²Lasso�{äk
çÀCþ�õU.

ã(a)w«: �λ = 0�, Lasso�O=���¦�O;

�λv
��,£8Xê�Lasso�Oþ�0;

Lasso�O���Ø ¤0�XêCþ�g�X3,X1,X5,X6;


CþX2ÚX4�Xê�XλC�,A�é¯Ó��Ø ¤0.

ã(b)Ð«: ��¦CV(λ̂)��z�λ�λ̂ ≈ 0.0051,

|^“��IO�"OKÀ��λ�λ̃ ≈ 0.5836.

Ç�_ (BJUT) Chap6µ�5£8�. 106 / 108



�p�e�CþÀJ

sure independence screening (SIS)�{
FanÚLv (2008)JÑ
ÄuÏCþÚgCþ��'XêçÀ­�C

þ��{,¿�Ñ
SIS!Lasso!g·ALasso!SCAD�{�g·

^�gCþ�ê��.

Fan, J. Q., Lv, J. C. Sure independence screening for ultra-

high dimensional feature space. Journal of the Royal Statistical

Society Series B: Statistical Methodology, 2008, 70(5): 849-

911.
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16Ù1�Ü©o(

�5£8�.��!¥%z!IOz/ª

ëêLS�O�5�

£8�§!£8Xê�wÍ5u�

CþÀJ
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