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�5�.

�Ä�5�.µ

y = Xβ + e, (4.1)

ùpy�n× 1*ÿ�þ, X�n× p��OÝ
,β�p× 1��ëê

�þ, e��ÅØ�,�÷v Gauss-Markovb�:

E(e) = 0, Cov(e) = σ2In,

Ù¥σ2�Ø���, σ2 > 0. ¡�.�Gauss-Markov�..

�rk(X) = r ≤ p�§¡Ù�ü��5�.

�rk(X) = p�§¡Ù�÷��5�.
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���¦�O

���¦{�g�

β�ý�AT¦Ø��þe = y− Xβ ��Ý²�

Q(β) = ‖e‖2 = ‖y− Xβ‖2 = (y− Xβ)′(y− Xβ)

����.

ATÏL4�zQ(β)5¦β��O.5¿�

Q(β) = y′y− 2y′Xβ + β′X′Xβ,

|^Ý
�ûúª(�1�Ù)

∂y′Xβ
∂β

= X′y,
∂β′X′Xβ

∂β
= 2X′Xβ,
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���¦�O

u´
∂Q(β)

∂β
= −2X′y + 2X′Xβ.

-Ù�u0,���K�§

X′Xβ = X′y. (4.2)

Ï�X′y ∈M(X′) =M(X′X),u´�K�§(4.2)´�N�.

�â½n2.3.3,�K�§(4.2)�)�

β̂ = (X′X)−X′y,

ùp(X′X)−´X′X�?¿��2Â_.
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���¦�O

�â¼ê4�nØ�µβ̂�´¼êQ(β)�7:. eyβ̂¦Q(β)�

���. ¯¢þ,é?¿��β,Ñk

Q(β) = ‖y− Xβ‖2

= ‖y− Xβ̂ + X(β̂ − β)‖2

= ‖y− Xβ̂‖2 + (β̂ − β)′X′X(β̂ − β)

du1��o´�K�,u´

Q(β) ≥ ‖y− Xβ̂‖2 = Q(β̂).

dªL², β̂(¦Q(β)����.
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���¦�O

yy¦Q(β)�����7´β̂.¯¢þ,

Q(β) ≥ ‖y− Xβ̂‖2 = Q(β̂)

�Ò¤á,��=�

(β̂ − β)′X′X(β̂ − β) = 0,

�d/

X(β̂ − β) = 0.

ØJy²,þªq�du

X′Xβ = X′Xβ̂ = X′y,

ùÒy²
,¦Q(β)������:7��K�§�)

β̂ = (X′X)−X′y.
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���¦�O

erk(X) = p,KX′X�_, β��,

β̂ = (X′X)−1X′y

´β�Ã �O,¡Ù�β ����¦(least squares, LS)�O.

erk(X) < p,Kβ̂Ø2´β�Ã �O,

E(β̂) = (X′X)−X′Xβ 6= β.

d�β��5Ã �O��Ø�3,�¡βØ��.

�y{. e�3p × nÝ
A, ¦�é��β¤á, ÑkE(Ay) = AXβ = β ⇐⇒

AX = Ip,ùÒ�rk(AX) ≤ rk(X) < p = rk(Ip)�gñ.
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��¼ê

erk(X) < p,KβØ��. d���Äβ��5|Üc′β.

½Â4.1.1
e�3n× 1�þa,¦�

E(a′y) = c′β

é��β ¤á,K¡c′β´��¼ê(estimable function).

½n4.1.1
c′β´��¼ê⇐⇒ c ∈M(X′).

y² c′β ´��¼ê⇐⇒�3an×1,¦�é��βÑkE(a′y) = c′β

⇐⇒ a′Xβ = c′β,é��β ⇐⇒ c = X′a.
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���¦�O

½n4.1.1L²:

¦c′β����Np× 1�þc�¤f�mM(X′);

ec′1βÚc′2βþ��,K?¿�5|Üα1c′1β + α2c′2β���.

ec1Úc2��5Ã',K¡��¼êc′1β Úc′2β ´�5Ã'�.

�5Ã'���¼ê|�õ¹krk(X) = r ���¼ê.

éu?���¼êc′β, c′β̂�(X′X)−�ÀJÃ',´���,

c′β̂ = c′(X′X)−X′y = a′X(X′X)−X′y = a′X(X′X)+X′y

c′β̂�c′β �Ã �O, E(c′β̂) = a′X(X′X)−X′Xβ = a′Xβ = c′β.
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���¦�O

½Â4.1.2

é��¼êc′β,¡c′β̂�c′β�LS�O.

PC = (c1, · · · , cm)′ ´��m×p�~êÝ
. ec′1β, · · · , c′mβ�

��,K¡Cβ��. ´y

Cβ��⇐⇒M(C′) ⊆M(X′).

eCβ ��,KCβ �LS�O�Cβ̂.

P X = (x1, · · · , xn)′, µ = (µ1, · · · , µn)′ = Xβ.
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���¦�O

Guass-Markov�.�©þ/ª:

yi = x′iβ + ei, i = 1, · · · , n,

Ù¥§xi�X�1i1�þ, ei�Ø��þ�1i�©þ,

E(ei) = 0, Cov(ei) = σ2, Cov(ei, ej) = 0, (i 6= j).

µi = x′iβ, i = 1, · · · , µn ´n���¼ê;

?¿��¼êÑ´µ = Xβ ��5¼ê§= c′β = a′µ

µ�LS�O�µ̂ = Xβ̂ = X(X′X)−X′y = PX y.
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σ2�LS�O

í��þ

ê = y− Xβ̂ = (In − PX)y,

��Ø��þ���/�O0, §éïÄ'uØ�b��Ün

5å­��^. ´y: E(ê) = 0, Cov(ê) = σ2(In − PX).

Äu ê ��E σ2 ��O

σ̂2 =
ê′ê

n− r
=
‖y− Xβ̂‖2

n− r
,

ùpr = rk(X). Ï~¡σ̂2�σ2�LS�O.
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σ2�LS�O

½n4.1.3
σ̂2 ´σ2 �Ã �O.

y² ÏIn − PX���
,u´

ê′ê = y′(In − PX)y,

|^½n3.2.1Ú�ª(In − PX)X = 0,�y�

E(ê′ê) = (Xβ)′(In − PX)Xβ + tr(In − PX)Cov(y) = σ2tr(In − PX),

2|^,Ú��
�5�,�

E(ê′ê) = σ2[n− tr(PX)] = σ2[n− rk(X)].

½n�y.
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LS�OÚí��AÛ5�

LS�OXβ̂Úí��þê©O�y�M(X′)ÚM(X′)���Ö�

mþ���ÝK,Xã¤«:

x1

x2

ŷ = Py

ε̂ = (I − P)y

y

Ç�_ (BJUT ) Chap4µëê�O 16 / 79



5¿

í�²�Ú SSe = ê′ê��L��

SSe = ‖y− Xβ̂‖2 = y′(In − PX)y = e′(In − PX)e

é?���¼êc′β�LS�O��,Ï�

c′β̂ = a′Xβ̂ = a′PXy = a′X(X′X)+X′y

��¼êc′β��5Ã �OkÃ¡õ�.

¯¢þ,XJa′y�c′β���Ã �O§b′X = 0 ,K

E(a + b)′y = E(a′y) + E(b′y) = c′β + b′X′β = c′β
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LS�O��`5�

Gauss-Markov½n

é?¿���¼êc′β, LS�Oc′β̂�Ù����Z�5Ã (best

linear unbiased, BLU)�O,=3Ù�5Ã �O�¥, c′β̂����

�.

y² w,c′β̂�c′β��5Ã �O.yyc′β̂�����.

Var(c′β̂) = Var(c′(X′X)−X′y) = σ2c′(X′X)−X′X(X′X)−c.

dc′β���5,��3�þα n×1,¦�c = X′α,u´,

X′X(X′X)−c = X′X(X′X)−X′α = X′α = c,

l
�Var(c′β̂) = σ2c′(X′X)−c.
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Gauss-Markov½ny²

,��¡,�a′y�c′β�?�Ã �O,u´kX′a = c.l


Var(a′y)− Var(c′β̂) = σ2[a′a− c′(X′X)−c]

= σ2(a′ − c′(X′X)−X′)(a− X(X′X)−c)

= σ2‖a− X(X′X)−c‖2 ≥ 0,

¿��Ò¤á⇐⇒ a′ = c′(X′X)−X′ ⇐⇒ a′y = c′β̂.½ny..

ù�½nC½
LS�O3�5�.ëê�OnØ¥�/ .

5 §¤�x�LS�O3�5Ã �Oa¥��`5. �3,��Ý

þ�O`��IO£XMSE¤,§�U¿Ø�½�`
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LS�O��`5�

íØ4.1.1
�ψi = c′iβ, i = 1, · · · , kÑ´��¼ê, αi, i = 1, · · · , k ´¢ê,

Kψ =
k∑

i=1
αiψi���,�ψ̂ =

k∑
i=1

αiψ̂i =
k∑

i=1
αic′β̂ ´ψ�BLU�O.

íØ4.1.2
�c′βÚd′β´ü���¼ê,K

Var(c′β̂) = σ2c′(X′X)−c,

Cov(c′β̂, d′β̂) = σ2c′(X′X)−d,

¿�þãüª�¤¹2Â_�ÀJÃ'.
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LS�O��`5�

éu��¼êCβ,Ù�5Ã �Oa�L«�

D = {Ay; A÷v^�AX = C}.

5¿� Cov(Ay) = σ2AA′, cov(Cβ̂) = σ2C(X′X)−C′,

cov(Ay)− cov(Cβ̂) = σ2A
(
Ip − X(X′X)−)X′

)
A′ ≥ 0.£��½¤

½n4.1.4

éu��¼êCβ, LS�OCβ̂�Ù��������
�5Ã 
£minimum dispersion linear unbiased, MDLU¤�O.

eAy���¼êCβ�MDLU�O,KÙ©þ�´MVLU�.
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LS�O��`5�

½n4.1.5
é���5�.

y = Xβ + e, e ∼ Nn(0, σ2In),

�c′β�?���¼ê,K

(1) LS�Oc′β̂´c′β�4�q,(maximum likelihood, ML)�O,�

c′β̂ ∼ N(c′β, σ2c′(X′X)−c);

(2) (n− r)σ̂2/n�σ2 �ML�O,�(n− r)σ̂2/σ2 ∼ χ2
n−r;

(3) c′β̂ � σ̂2 �pÕá,ùp β̂ = (X′X)−X′y, r = rk(X).
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½n4.1.5�y²

y² (1)Pµ = Xβ,�ÄµÚσ2�q,¼ê

L(µ, σ2) =
1

(2π)
n
2σn

exp
{
− 1

2σ2 ‖y− µ‖
2
}
,

�éê,Ñ�~ê�,�

log L(µ, σ2) = −n
2

logσ2 − 1
2σ2 ‖y− µ‖

2.

éþ��þµ�LS�Oµ̂ = Xβ̂,·�k

‖y− µ̂‖2 = ‖y− Xβ̂‖2 = min ‖y− Xβ‖2 = min
µ=Xβ

‖y− µ‖2.

u´,éz���½�σ2,

log L(µ̂, σ2) ≥ log L(µ, σ2),
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½n4.1.5�y²




log L(µ̂, σ2) = −n
2

logσ2 − 1
2σ2 ‖y− µ̂‖

2,

3σ̃2 = 1
n‖y− µ̂‖

2 ����.u´

µ̂ = Xβ̂, σ̃2 =
1
n
‖y− µ̂‖2

©O�µÚσ2 �ML�O.

é?���¼êc′β, �3α ∈ Rn, ¦�c′β = αXβ = α′µ,

dML�O�ØC5, c′β�ML�O�

α′µ̂ = α′Xβ̂ = c′β̂.
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½n4.1.5�y²

qÏc′β̂�y��5¼ê,
y ∼ Nn(Xβ, σ2In),�½n3.3.4�,

c′β̂ ∼ N(c′(X′X)−X′Xβ, σ2c′(X′X)−c).

dc′β��,�c′(X′X)−X′X = c′, (1)�y.

(2) �1�^(Ø®y. Ï�PXX = X,¤±

(n− r)σ̂2

σ2 =
ê′ê
σ2 =

y′(In − PX)y
σ2 =

e′(In − PX)e
σ2 = z′(In − PX)z,

Ù¥z = e/σ ∼ Nn(0, In).dIn − PX���59

rk(In − PX) = tr(In − PX) = n− tr(PX) = n− rk(X) = n− r,

|^½n3.4.3,=�(n− r)σ̂2/σ2 ∼ χ2
n−r.
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½n4.1.5�y²

(3) 5¿�c′β̂�σ̂2 ©O����þy��5.Ú�g.,Ú

c′(X′X)−X′(In − PX) = 0,

d���þ��5.Ú�g.Õá5½n3.5.1í�(3).
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LS�O��`5�

½n4.1.6
éu���5�.y = Xβ + e, e ∼ Nn(0, σ2In),

(1) T1 = y′yÚT2 = X′y���¿©ÚOþ,

(2) é?���¼êc′β, c′β̂�Ù�������Ã (minimum

variance unbiased, MVU)�O, σ̂2�σ2���MVU�O.

y² *ÿ�þy�VÇ�Ý¼ê�

f (y) =
1

(2π)
n
2σn

exp
{
− 1

2σ2 (y− Xβ)′(y− Xβ)

}
=

1
(2π)

n
2σn

exp
{
− 1

2σ2 y′y +
1
σ2 y′Xβ − 1

2σ2β
′X′Xβ

}
,
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LS�O��`5�

Pθ1 = − 1
2σ2 , θ2 = β

σ2 ,§�´¤¢�g,ëê,Kþª�U��

f (y) =
1

(−π)
n
2
θn

1 exp
{

1
4θ1
θ′2X′Xθ2

}
exp{θ1T1 + θ2T2}.

òf (y)L¤
�êx�g,/ª§Ùëê�m�

Θ =


 θ1

θ2

 ; θ1 < 0, θ2 ∈ Rp

 .

�½n2.2 (�FW, 1999)�:

T1 = y′yÚT2 = X′y���¿©ÚOþ.
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LS�O��`5�

é?���¼êc′β,ÙLS�O

c′β̂ = c′(X′X)−T2,

Ø���σ2�LS�O

σ̂2 = (T1 − T2(X′X)−T2)/(n− r),

§�Ñ´��¿©ÚOþ�¼ê. Ó�·���,§�Ñ´Ã 

�O, �Lehmann-Scheffe½ná�c′β̂Úσ̂2©O´c′βÚσ2��

�MVU�O.½ny..
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LS�O�5�

�5�.y = Xβ + ee,��¼êc′β�LS�Oc′β̂�5�

MVU5:

ee ∼ Nn(0, σ2In) (���5�.), K?���¼êc′β�LS�

Oc′β̂3Ù¤k�(�5�Ú��5)Ã �Oa¥����.

BLU5:

 eE(e) = 0, cov(e) = σ2In £Guass-Markov�.e¤, K��¼

êc′β�LS�Oc′β̂3�5Ã �Oa¥����5.
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LS�O��`5�

½n4.1.7
éu���5�.y = Xβ + e, e ∼ Nn(0, σ2In), Ù?¿��¼

êCβ�ML�OCβ̂�ÙÃ �Oa¥���
��(minimum dis-

persion unbiased, MDU)�O. �rk(X) = p�, β̂ = (X′X)−1X′y��

��
�Ð�uCramér-Raoe.

−
[
∂2 ln L(µ, σ2)

∂2β

]−1

= σ2(X′X)−1,

ùpµ = Xβ.

~f �µ��ÔN�­þ, yéTÔNÿþng, Ùÿþ�P

�y1, · · · , yn. eyi ∼ N(µ, σ2),Ky =
∑

yi/n�µMDU�O.

Ç�_ (BJUT ) Chap4µëê�O 31 / 79



©¬LS�O

�5�.�©¬$�Ì�A^u±eü«�/µ

éëê©¬

��.  �¹P{ëê£nuisance parameter¤�,a,�ë

ê�LS�O�ü�L�

é��©¬

Meta©Û½�5�êâ¥, duÛh�o½O�Å�;$�U

å���, õ/�;�fêâ8ØU�DÑ���¥
Åì5

©Û§I�©¬$�.
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ëê©¬�LS�O

é�5�.y = Xβ + eëê©¬

y = X1β1 + X2β2 + e, E(e) = 0, cov(e) = σ2In.

β = (β′1,β
′
2)′ �LS) β̂1

β̂2

 =

 X′1X1 X′1X2

X′2X1 X′2X2

− X′1y

X′2y

 .

�rk(X) = p�, β1Úβ2���,ÙLS�O�

β̂2 = (X′2NX1X2)−1X′2NX1y, β̂1 = (X′1X1)−X′1(y− X2β̂2),

ùp NX1 = In − X1(X1
′X1)−X1

′.
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ëê©¬�LS�O

b½X2´�÷�,¿�X1���X2���5Ã',=

M(X1) ∩M(X2) = {0}, rk(X2) = p2.

½n4.2.2

β̂2 = (X′2NX1X2)−1X′2NX1y, cov(β̂2) = σ2(X′2NX1X2)−1

β̂1 = (X′1X1)−X′1(y− X2β̂2)

é?���¼êc′β1, var(c′β̂1) = σ2c′Mc,ùp,

M = (X′1X1)− + (X′1X1)−X′1X2(X′2NX1X2)−1X2X′1(X′1X1)−.
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ëê©¬�LS�O��*)º

β̂2 = (X′2NX1X2)−1X′2NX1y��{�.

NX1y = NX1X2β2 + ε (4.3)

�LS�O,Ù¥ε = NX1e.

β̂1 = (X′1X1)−X′1(y − X2β̂2) �òβ̂2 O���. y = X1β1 +

X2β2 + e�β2�¤��.

ỹ = X1β1 + e (4.4)

�LS)§Ù¥ ỹ = y− X2β̂2.
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ëê©¬�LS�O

XJX′1X2 = 0,K

NX1X2 = (In − PX1)X2 = X2.

íØ4.2.1
b��.y = X1β1 + X2β2 + e÷vX′1X2 = 0, rk(X2) = p2,K��¼

êc′β1Úβ2�LS�O�

c′β̂1 = c′(X′1X1)−X′1y, β̂2 = (X′2X2)−1X′2y,

�var(c′β̂1) = σ2c′(X′1X1)−c′, cov(β̂2) = σ2(X′2X2)−1.
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ëê©¬�LS�O

éuõ©¬�.µ

y = X1β1 + · · ·+ Xkβk + e, E(e) = 0, cov(e) = σ2In,

�Xi �÷�§�X′iXj = 0, (i 6= j)�, (β′1, · · · ,β′k)′�LS�O�
β̂1
...

β̂k

 =


(X′1X1)−1X′1y

...

(X′kXk)
−1X′ky


d�βi�LS�O�duf�.

y = Xiβi + e

��LS�O.
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ëê©¬�LS�O

~4.2.1 �Ä�5£8�.

y = 1nβ0 + X1β1 + e, E(e) = 0, cov(e) = σ2In,

Ù¥β0��å�, β�£8Xê. β0 Úβ1�LS�O

β̂1 = (X′1(In − 1n1′n/n)X1)−1X′1(In − 1n1′n/n)y = (X′CXC)−1X′Cy ,

β̂0 = 1′n(y− X1β̂1)/n = ȳ− x̄1
′β̂1,

ùpXC = (In − 1n1′n/n)X1 �X1�£�¤¥%z��Ý
.
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ëê©¬�LS�O

¥%z��5�.

y = 1nα+ XCβ1 + e, E(e) = 0, cov(e) = σ2In,

ùp, α = β0 + x̄′β1.

Ï� 1′nXC = 0,u´αÚβ1 �LS�O

α̂ = ȳ,

β̂1 = (X′CXC)−1X′Cy.

5 β̂1¥%z��5�.��¥%z�5�.e£8Xêβ1�LS�

O�Ó,��β̂1.
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��©¬�LS�O

é��©¬

b�*ÿêâ�©¬�;3K�Åìþ,��.��©¬�
y1
...

yK

 =


X1
...

XK

β +


e1
...

eK

 . (4.5)

b�rk(Xk) = p,K��.β�LS�O�

β̂ =

(
K∑

k=1

X′kXk

)−1 K∑
k=1

X′kyk
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LS�O�©ÙªO�

b�*ÿêâ�©¬�;3K�Åìþ,��.��©¬�
y1
...

yK

 =


X1
...

XK

β +


e1
...

eK

 . (4.6)

b�rk(Xk) = p,K��.β�LS�O�

β̂ =

(
K∑

k=1

X′kXk

)−1 K∑
k=1

X′kyk

f�.

yk = Xkβk + ek, E(e) = 0, cov(e) = σ2Ink (4.7)

�LS�Oβ̂k = (X′kXk)
−1X′kyk.
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LS�O�©ÙªO�

PVk = X′kXk. 5¿�

β̂ =

(
K∑

k=1

X′kXk

)−1 K∑
k=1

X′kyk =

(
K∑

k=1

Vk

)−1 K∑
k=1

Vkβ̂k,

u´, 3O���.β�LS�O�§��Åì�IDÑf�.

�LS�Oβ̂kÚÝ
Vk�¥
Åìþ=�§ÃIDÑ�©êâ.

'u©ÙªÚOíä�ïÄnã§ë�

Gao, Y., Liu, W. D., Wang, H. S., Wang, X. Z., X. Z., Yan, Y. B, Zhang, R. Q.

A review of distributed statistical inference. Statistical Theory and Related

Fields, 2022, 6: 89-99.
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�å���¦�O

�5�.

y = Xβ + e, E(e) = 0, cov(e) = σ2In,

�å^�µ

Hβ = d, = h′iβ = di, i = 1, · · · , k.

Ù¥rk(H) = k,M(H′) ⊂M(X′), d ∈M(H),

H =

 h′1
...

h′k

 , d =

 d1
...

dk

 . (4.8)

¯K:3k�^�e¦β¦Q(β) = ‖y− Xβ‖2�����
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�å���¦�O

�
A^Lagrange¦f{,�E9Ï¼ê

F(β,λ) = ‖y− Xβ‖2 + 2
k∑

i=1

λi(h′iβ − di)

= ‖y− Xβ‖2 + 2λ′(Hβ − d)

= (y− Xβ)′(y− Xβ) + 2λ′(Hβ − d),

Ù¥λ = (λ1, · · · , λk)
′�Lagrange¦f. -∂F(β,λ)

∂β = 0,�

X′Xβ = X′y−H′λ. (4.9)

Ï�M(H′) ⊂M(X′),¤±þ�§'uβ´�N�,Ù)

β̂H = (X′X)−X′y− (X′X)−H′λ̂H = β̂ − (X′X)−H′λ̂H.
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�å���¦�O

�\Hβ = d,�d = Hβ̂H = Hβ̂ −H(X′X)−H′λ̂H,�d/

H(X′X)−H′λ̂H = (Hβ̂ − d). (4.10)

ù´��'uλ̂H��5�§|. Ï�H ���k, �M(H′) ⊂
M(X′), u´H(X′X)−H′�¤�¹2Â_�ÀJÃ'. ��y§

´k × k��_Ý
,Ï
(4.10)k��)

λ̂H = (H(X′X)−H′)−1(Hβ̂ − d).

òλ̂H�\(4.9)��

β̂H = β̂ − (X′X)−H′(H(X′X)−H′)−1(Hβ̂ − d).
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�å���¦�O�5�

�å���¦�Oβ̂H �´�5�åHβ = deβ ����¦),=
(a) Hβ̂H = d;
(b)é��÷vHβ = d �β,Ñk‖y− Xβ‖2 ≥ ‖y− Xβ̂H‖2.

y² (a)w,¤á. (b)�y²'�µ

(y− Xβ̂)′X(β̂ − β) = y(In − PX)X(β̂ − β) = 0,

(β̂ − β̂H)′X′X(β̂H − β) = λ̂′(Hβ̂H −Hβ) = λ̂′(d − d) = 0

=⇒ ‖y− Xβ‖2 = ‖y− Xβ̂‖2 + (β̂ − β)′X′X(β̂ − β)

= ‖y− Xβ̂‖2 + ‖X(β̂ − β̂H)‖2 + ‖X(β̂H − β)‖2

≥ ‖y− Xβ̂‖2 + ‖X(β̂ − β̂H)‖2.
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�å���¦�O

½n4.3.1
éu�5�., �H�k × pÝ
, rk(H) = k, M(H′) ⊂ M(X′),
�Hβ = d�N(=d ∈M(H)),K

(1) β̂H = β̂ − (X′X)−H′(H(X′X)−H′)−1(Hβ̂ − d) �β3�5�å

^�Hβ = de��åLS), Hβ̂H�Hβ��åLS�O, ùpβ̂ =

(X′X)−X′y.
(2)erk(X) = p,K

β̂H = β̂ − (X′X)−1H′(H(X′X)−1H′)−1(Hβ̂ − d)

�β��åLS�O,ùpβ̂ = (X′X)−1X′y.

Ç�_ (BJUT ) Chap4µëê�O 47 / 79



�å���¦�O

~4.3.1 3U©ÿþ¥, éU�¥n�( :�¤4ABC�n�

S�θ1, θ2, θ3?1ÿþ. ^�5�.L«µ
y1 = θ1 + e1,

y2 = θ2 + e2,

y3 = θ3 + e3,

θ1 + θ2 + θ3 = π,

Ù¥ei, i = 1, 2, 3L«ÿþØ�. b�§�÷vGuass-Markovb

�,ùÒ´���k�å^���5�.. -

y = (y1, y2, y3)′, β = (θ1, θ2, θ3)′, X = I3, H = (1, 1, 1), b = π.

θi��å���¦�O�

θ̂i = yi −
1
3

(y1 + y2 + y3 − π), i = 1, 2, 3.

Ç�_ (BJUT ) Chap4µëê�O 48 / 79



�å���¦�O

½n4.3.2
3½n4.3.1b�e,3ëê«�Hβ = dþ,

σ̂2
H = ‖y− Xβ̂H‖2/(n− r + k)

´σ2�Ã �O.

y² 5¿�E‖y− Xβ̂H‖2 = E‖y− Xβ̂‖2 + E‖X(β̂ − β̂H)‖2,Ù¥§
E‖y− Xβ̂‖2 = (n− r)σ2,

E‖X(β̂ − β̂H)‖2 = E(Hβ̂ − d)′(H(X′X)−H′)−1(Hβ̂ − d)

= tr[(H(X′X)−H′)−1Cov(Hβ̂)] = kσ2,

½n�y.
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�å���¦�O

½n4.3.3
é u � �Guass-Markov � 5 � ., e ½ n4.3.1b � ¤ á,

KHβ̂HÚ(n − r + k)σ̂2
H/n©O�HβÚσ2 3�5�åHβ = de�

�åML�O.

y² Pµ = Xβ,�ÄµÚσ2�éêq,¼ê

log L(µ, σ2) = −n
2

log(2π)− n
2

logσ2 − 1
2σ2 ‖y− µ‖2. (4.11)

ØJwÑµ3Hβ = deµ = Xβ�ML�O�

µ̂H = arg min
µ = Xβ

Hβ = d

‖y− µ‖2 = Xβ̂H,

òÙ�\(4.11),4�zlog L(µ̂H, σ
2)� σ̃2

H =
‖y−Xβ̂H‖2

n = (n− r + k)σ̂2
H/n.
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2Â���¦�O

�5�.

y = Xβ + e, E(e) = 0, Cov(e) = σ2Σ (4.12)

Ù¥Σ > 0. �Äëêβ, σ2��O¯K.

æ^�.C�.

^Σ
−1/2
�¦�.(4.12),�Guass-Markov�.

ỹ = X̃β + u,

Ù¥, ỹ = Σ
−1/2

y, X̃ = Σ
−1/2

X, u = Σ
−1/2

e,

E(u) = 0, Cov(u) = σ2In.
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2Â���¦�O

�éC����.,æ^LS{�

β∗ = (X̃′X̃)−X̃′ỹ = (X′Σ−1X)−X′Σ−1y

σ2∗ = ‖ỹ− X̃β∗‖2/(n− r) = (y− Xβ∗)′Σ−1(y− Xβ∗)/(n− r).

¡β∗Úσ2∗��.(4.12)�2Â���¦(GLS)�O.

½n4.4.1
é?���¼êc′β, GLS�Oc′β∗�Ù���BLU�O, Ù��

�σ2c′(X′Σ−1X)−c¶σ2∗�σ2�Ã �O,Ù¥

β∗ = (X′Σ−1X)−X′Σ−1y

σ2∗ = (y− Xβ∗)′Σ−1(y− Xβ∗)/(n− r).
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2Â���¦�O

½n4.4.2
3�5�.y = Xβ + ee,ee ∼ N(0, σ2Σ), Σ(> 0)®�,K

(1) é?���¼êc′β, c′β∗�c′β�ML�OÚ��MVU�O,�

c′β∗ ∼ N(c′β, σ2c′(X′Σ−1X)−c).

(2) n−r
n σ2∗�σ2�ML�O, σ2∗�σ2���MVU�O,�

(n− r)σ2∗/σ2 ∼ χ2
n−r.

(3) c′β∗�σ2∗�pÕá.
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GLS�OÚLS�O�'�

éu�5�.

y = Xβ + e, E(e) = 0, Cov(e) = σ2Σ > 0,

��¼êc′β �LS�OÚGLS�O

c′β̂ = c′(X′X)−X′y, c′β∗ = c′(X′Σ−1X)−X′Σ−1y.

üöÑ´Ã �, E(c′β̂) = c′β = E(c′β∗);

GLS�O�����,d½n4.4.1,��k

Var(c′β∗) ≤ Var(c′β̂).
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2Â���¦�O

~ ^�«°�¤ì3ü�¢�¿éÓ��Ôµ©O?1ÿþ,b�

êâ�.Xe

y1i = µ+ e1i, i = 1, · · · , n1,

y2i = µ+ e2i, i = 1, · · · , n2.

duü�¢�¿��*^�9°�¤ì�°ÝØÓ, �ÿþØ

����Ø�. �

Var(e1i) = σ2
1 6= Var(e2i) = σ2

2.

P y = (y11, · · · , y1n1 , y21, · · · , y2n2)
′,

e = (e11, · · · , e1n1 , e21, · · · , e2n2)
′.
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2Â���¦�O

K

Cov(e) =

 σ2
1In1 0

0 σ2
2In2

 = σ2
2

 θIn1 0

0 In2

 = σ2
2Σ.

b�θ = σ2
1/σ

2
2 ®�,K µ�GLS�O

µ∗ =
(n1

θ
+ n2

)−1


n1∑

i=1
y1i

θ
+

n2∑
i=1

y2i

 = v1ȳ1 + v2ȳ2,

ùp, v1 = 1− v2,

v2 =
w2

w1 + w2
, wi =

1
Var(ȳi)

=
ni

σ2
i
.
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���¦Ú�nØ∗

�5�.

y = Xβ + e E(e) = 0, Cov(e) = σ2Σ, (4.13)

XJ|Σ| = 0,K¡T�.�ÛÉ�5�..

Ún4.5.1
éu�5�.(4.13),Ø+Σ > 0½Σ ≥ 0, y ∈M(Σ,X)o´¤á.

Ún4.5.2
PT = Σ + XUX′,Ù¥U ≥ 0, rk(T) = rk(Σ,X),Kok

(1)M(T) =M(Σ,X).

(2) X′T−X,X′T−yÚ(y− Xβ)T−(y− Xβ)Ñ�2Â_T−�ÀJÃ'.
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���¦Ú�nØ

Ún4.5.3
éu�5�.(4.13),��¼êc′β���Ã �Oa′y�BLU�O, �

�=�§÷v

Cov(a′y, b′y) = 0,

ùpb′y�"�?�Ã �O,=E(b′y) = 0.

y² �l′y�c′β�?�Ã �O, Kl�½�L«�l = a + b, é,�

÷vX′b = 0�b. u´

Var(l′y) = Var(a′y) + Var(b′y) + 2Cov(a′y, b′y). (4.14)

¿©5�y.
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���¦Ú�nØ

e¡^�y{5y²7�5.

�a′y�c′β�BLU�O.e�3��b0,÷vX′b0 = 0,�k

Cov(a′y, b′0y) = d 6= 0,

Ø��d < 0.eØ,,�I�−b0�Ob0,Ò�z�d < 0��/.

^b = αb0�O(4.14)¥�b,

f (α) = Var(l′y)− Var(a′y) = α(αb′0Σb0 + 2d).

´y�α ∈ (0,−2b/b′0Σb0)�, f (α) < 0,=

Var(l′y) < Var(a′y),

ù�a′y�BLU�O�gñ. Ún�y.
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���¦Ú�nØ

½n4.5.1
éu�5�.(4.13)Ú?���¼êc′βk

(1) c′β∗ = c′(X′T−X)−X′T−y�c′β�BLU�O¶

(2) Var(c′β∗) = σ2c′ [(X′T−X)− − U] c.

(3) σ2∗ = (y− Xβ∗)′T−(y− Xβ∗)/(rk(T)− rk(X))�σ2�Ã �O.

íØ4.5.1
éu�5�.(4.13)Ú?���¼êc′β,eM(X) ⊂M(Σ),K

(1) c′β∗ = c′(X′Σ−X)−X′Σ−y�c′β�BLU�O¶

(2) Var(c′β∗) = σ2c′(X′Σ−X)−c,¿�¤kL�ª�¤�¹�2Â_

ÀJÃ'.
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Panel�.

Panel�.

yit = β0 + xit1β1 + · · ·+ xitkβk + µi + eit, (4.15)

i = 1, 2, · · · ,N, t = 1, 2, · · · ,T,

ùpyit�1i��N3��t �*ÿ�, µi�1i��N��A, �

�ÅØ�eit��ÅØ�Ø�',�

E(eit) = 0, Var(eit) = σ2
e , E(µi) = 0, Var(µi) = σ2

µ.

Pβ = (β1, · · · , βk)
′, µ = (µ1, · · · , µN)′, xit = (xit1, · · · , xitk)

′,

y = (y11, · · · , y1T , y21, · · · , y2T , · · · , yNT)′,

X = (x11, · · · , x1T , x21, · · · , x2T , · · · , xNT)′,

e = (e11, · · · , e1T , e21, · · · , e2T , · · · , eNT)′.
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Panel�.

�.Ý
/ªµ

y = 1NTβ0 + Xβ + u,

ùp, u = (IN ⊗ 1T)µ+ e.´y���
�Ì©)µ

Cov(u) = σ2
1P1 + σ2

e Q + σ2
1JNT ,

ùp,

P1 = (IN − JN)⊗ JT ,

Q = IN ⊗ (IT − JT),

Jk = 1k1′k/k.
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Panel�.��{�O

P1�¦�.��Òü>§����.µ

P1y = P1Xβ + P1u.

¡Ù�BLU�O�Between�Oµ

β̂B = (X′P1X)−1X′P1y

^Q = IN ⊗ (IT − JT)�¦��.�C��.µ

Qy = QXβ + Qe

�BLU�O©O�Within�Oµ

β̂W = (X′QX)−1X′Qy
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���¦�O�­è5

�5�.

y = Xβ + e, E(e) = 0, Cov(e) = σ2Σ, (4.13)

ùpΣ ≥ 0®�. é?���¼êc′β,§�LS�O�

c′β̂ = c′(X′X)−X′y.

ïÄLS�O'u���
�­è5,=ïÄΣ÷v�o(��,

c′β̂ = c′β∗, (4.14)
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���¦�O�­è5

PZ�n×(n−r)���n−r�Ý
,÷vX′Z = 0,ùpr = rk(X).

½n4.6.1
éu�5�.(4.13)Ú?���¼êc′β, (4.14)¤á��=�e�^

���¤á.

(1) X′ΣZ = 0;

(2) Σ = XΛ1X′ + ZΛ2Z′;

(3) Σ = XD1X′ + ZD2Z′ + In,

Ù¥Λ1, Λ2, D1ÚD2�?¿é¡
,�¦Σ ≥ 0.

y²3�Æ)gÆ.
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���¦�O�­è5

~ Ø�þ!�'�.(error uniform correlation models).

y = Xβ + e E(e) = 0,

Ø��þe����
äkXe/ª

Cov(e) = σ2


1 ρ · · · ρ

ρ 1 · · · ρ
...

...
. . .

...

ρ ρ · · · 1

 = σ2[ρ1n1′n + (1− ρ)In].

eX�1����1,=�.�¹~ê�,KX′Cov(e)Z = 0,�?
���¼êc′β�LS�OE�BLU�O.
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���¦�O�­è5

½n4.6.2
éu�5�.(4.13)Ú?���¼êc′β, (4.14)¤á��=�e�^

���¤á.

(1) ΣX = XB,é,Ý
B;

(2) M(X)dΣ�r = rk(X)�A��þÜ¤;

(3) PXΣ�é¡
,Ù¥PX = X(X′X)−X′.

y²3�Æ)gÆ.
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���¦�O�­è5

~ �Äü�©a�Å�.

yij = µ+ αi + eij, i = 1, · · · , a, j = 1, · · · , b,

ùpµ��½�A, αi��Å�A, eij��ÅØ�, Cov(αi, eij) =

0, Var(αi) = σ2
α, Var(eij) = σ2

e . Pn = ab, X = 1n, U = Ia ⊗ 1b.

Ý
/ª

y = Xµ+ Uα+ e,

Cov(y) = σ2
αUU′ + σ2

e In = σ2
α(Ia ⊗ 1b1′b) + σ2

e In
4
= Σ(σ2).

�âÝ
Z�½ÂX′Z = 1′nZ = 0,¤±X′ΣZ = 0.�½n4.6.1,

�½�Aµ�LS�Oµ̂ = y..´µ�BLU�O.
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üÚ�O

�Ä���5�.

y = Xβ + e, E(e) = 0, Cov(e) = Σ(θ), (4.18)

ùpy�n × 1*ÿ�þ, X�n × p�O
, β�p × 1 ��ëê

�þ, e�n × 1�ÅØ�, θ = (θ1, · · · , θm)�´��ëê�þ.

�Σ(θ) > 0é��θ¤á.

�θ®��, é?���¼êc′β, �θ®��, c′β̂(θ)Ò´§

�GLS�O,�´BLU�O,Ù¥,

β̂(θ) = (X′Σ−1(θ)X)−X′Σ−1(θ)y.
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üÚ�O

�θ���, c′β̂(θ)ÒØ2´���1�O.

d�, e���θ����Oθ̂, òβ̂(θ)¥θ^�O�O§B�

�c′β���üÚ�Oc′β̂(θ̂).

½n4.7.1

éu�5�.(4.18), b�e�©Ù'u�:´é¡�. �θ̂ = θ̂(y)

´θ ����O, §´y�ó¼ê�äkC�ØC5. �c′β�?��

�¼ê,eE(c′β̂(θ̂))�3,KüÚ�Oc′β̂(θ̂)´c′β�Ã �O,=

E(c′β̂(θ̂)) = c′β.

y²3�Æ)gÆ.
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üÚ�O

~ Panel�.

y = 1NTβ0 + Xβ + u, Cov(u) = σ2
1P1 + σ2

e Q + σ2
1JNT ,

A^Between�OÚWithin�O,���σ2
1Úσ

2
e�Ã �Oµ

s2
1 = û′1P1û1/(N − k − 1),

s2
2 = (y− Xβ̂W)′Q(y− Xβ̂W)/(N(T − 1)− k).

�y²üÚ�O

β̂(s2) =

(
B
s2

1
+

W
s2

2

)−1(X′P1 y
s2

1
+

X′Q y
s2

2

)
´β�Ã �O,ùps2 = (s2

1, s
2
2)′.
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üÚ�O

üÚ�Oβ̃�þ�Ø�Ý
(MSEM)

�ÎÒ{ü,PΣ(θ) = Σ,

β∗ = (X′Σ−1X)−1X′Σ−1y,

β̃ = (X′Σ−1(θ̂)X)−1X′Σ−1(θ̂)y.

½n4.7.3
�e ∼ Nn(0, σ2Σ),K

MSEM(β̃) = Cov(β∗) + E(bb′),

ùpb = β̃ − β∗.
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���U?{

MVU�O��½½n(�FW, 1999)
ëêθ ���Ã �OT �MVU�O, ��=�é"�?�Ã �

OUÚ��θ ∈ Θ,Ñk

Cov(T,U) = 0,

ùpΘ�ëê�m, var(T) <∞, var(U) <∞.

ùÒ´`,��Ã �O�äk������=�§�"�¤k

Ã �OÑØ�'.

���U?{(Rao,1967): |^U0 �T��'5�Eüö��

��5|Ü,¦Ù�θ�Ã �O,�'Täk����.
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���U?{

½n4.8.1
�θ�p× 1��ëê,ÚOþT1ÚT2 ÷vE(T1) = θ, E(T2) = 0,

Cov

(
T1

T2

)
=

(
Σ11 Σ12

Σ21 Σ22

)
4
= Σ.

b½Σ > 0, Σ12 6= 0. K3�5�Oa

A =
{

T = A1T1 + A2T2,A1 ÚA2 ���Å
, E(T) = θ
}
,

θ �BLU�O�
θ∗ = T1 −Σ12Σ

−1
22 T2,

�Cov(θ∗) = Σ11 −Σ12Σ
−1
22 Σ21 ≤ Σ11 = Cov(T1).
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���U?{

y² ò½n�^�^�5�.L«,=� T1

T2

 =

 In

0

θ + e, e ∼ (0,Σ),

´�yθ∗�T�.¥θ�BLU�O.Ù§(Øw,,½ny..

¡�Oθ∗ == T1 −Σ12Σ
−1
22 T2����U?�O.

¦^
T2ÚT1��'5¤�5N\&E,é���
�K�:

Cov(θ∗)− Cov(T1) = −Σ12Σ
−1
22 Σ21 ≤ 0.

XJΣ12 = 0, ù�T2�T1Ø�', g,T2�Òvk?ÛU

?T1�N\&E.
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���U?�O

~ �Ä���5£8�.

y = Xβ + e, E(e) = 0, Cov(e) = σ2Σ > 0,

ùprk(X) = p. �T1 = β̂ = (X′X)−1X′y, T2 = Z′y, ùpZ÷
vX′Z = 0,�rk(Z) = n− p,KE(T1) = E(β̂) = β, E(T2) = 0,

Cov

(
T1

T2

)
= σ2

(
(X′X)−1X′ΣX(X′X)−1 (X′X)−1X′ΣZ

Z′ΣX(X′X)−1 Z′ΣZ

)
.

b½X′ΣZ 6= 0,���U?�O

β̃ = β̂ − (X′X)−1X′ΣZ(Z′ΣZ)−1Z′y = β∗,

=β�BLU�Oβ∗´lLS�O²L�g���U?���.
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���U?�O

~ ��5�å��5£8�.{
y = Xβ + e, E(e) = 0, Cov(e) = σ2In,

Hβ = d,

ùpH�m× pÝ
, rk(H) = m,�Hβ = d´�N�. �T1 = β̂,

T2 = Hβ̂ − d.3�åëê«�Hβ = dþ, E(T2) = 0,

Cov

(
T1

T2

)
= σ2

(
(X′X)−1 (X′X)−1H′

H(X′X)−1 H(X′X)−1H′

)
.

A^½n4.8.1,�����U?�O

β̂H = β̂ − (X′X)−1H′(H(X′X)−1H′)−1(Hβ̂ − d),

§�´β��åLS�O.

Ç�_ (BJUT ) Chap4µëê�O 77 / 79



���U?�O

~ ��Å/ªN\&E��5£8�.

y =Xβ + e E(e) = 0, Cov(e) = σ2In,

u =Hβ + ε, E(ε) = 0, Cov(ε) = W,

ùpW > 0´®�Ý
, εÚeØ�'. �T1 = β̂, T2 = u − Hβ̂.
eσ2 ®�,K¤������U?�O

β∗(σ2) = β̂ − (X′X)−1H′
(

W
σ2 + H(X′X)−1H′

)−1

(Hβ̂ − u),

�du

β∗(σ2) =

(
X′X
σ2 + HW−1H′

)−1(X′y
σ2 + HW−1u

)
.

ùÒ´Ï~�·Ü�O.
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