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�5�m

�5�m

S´�þ���8Ü, e§é�þ\{Úê¦ü«$�äkµ45,

KS´���5�m.

~X

�Nn× 1¢�þ|¤�8Ü�Rn

A = (a1, a2, · · · , ak)���þÜ¤�f�m

M(A) = {x = At, t ∈ Rk},

ùpt = (t1, t2, · · · , tk)′, At =
∑k

i=1 aiti. 5µ dimM(A) = rk(A)
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�5�'

e�3Ø��"�¢êα1, α2, · · · , αk,¦�

α1a1 + α2a2 + · · ·+ αkak = 0,

K¡�þ|a1, a2, · · · , ak´�5�'�,ÄK¡§�´�5Ã'�.

5 M(A) ⊂ M(A,B), AO/eB���þbj, j = 1, 2, · · · ,m ��

L�a1, a2, · · · , ak��5|Ü,K

M(A) =M(A,B)
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�5�m

�5�mþ�A«$�µ

�þa = (a1, a2, · · · , an)
′, b = (b1, b2, · · · , bn)

′ �SÈ:

(a, b) = a′b =
∑n

i=1 aibi

a�b��: (a, b) = 0,P�a ⊥ b.

a��uS: a�f�mS¥�z���þ��,P�a ⊥ S.

�þa��Ý: ‖a‖ = (a′a)1/2 = (
∑n

i=1 a2
i )

1/2

f�mS���Ö�m: S⊥ = {xµx ⊥ S}

�A�n × kÝ
, PA⊥�÷v^�A′A⊥ = 0�äk����Ý


,KM(A⊥) =M(A)⊥.
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�5�m

½n2.1.1
é?¿Ý
A,ðkM(A) =M(AA′).

½n2.1.2
�An×m, Hk×m,K

(1) S = {Ax : Hx = 0}´M(A)�f�m,

(2) dim(S) = rk

 A

H

− rk(H).

íØ2.1.1
�M(A) ∩M(B) = {0},KM(A′B⊥) =M(A′).
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Ý
©)

½n2.2.1 (Ý
Ì©))
�A´��n× n�é¡Ý
,K�3��n× n����
P,¦�

A = PΛnP′ =
n∑

i=1

λiϕiϕ
′
i,

ùpP = (ϕ1, · · · ,ϕn), Λn = diag(λ1, · · · , λn), Ù¥λ1, · · · , λn�A�

A��, ϕ1, · · · ,ϕn��A���IOz�A��þ.

¢é¡Ý
äkNõ`û5�,X

¢é¡Ý
�A��Ñ´¢ê;A��þÑ´¢�þ.

ØÓA��éA�A��þ*d��.
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Ý
©)

íØ2.2.1
�A´��n× n�é¡Ý
,K

tr(A) =
n∑

i=1

λi, det(A) =
n∏

i=1

λi.

ùptr(·)L«�
�,(trace), =Ìé��þ���Ú, det(·)L«�


�1�ª.
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Ý
©)

½n2.2.2 (ÛÉ�©))
�A�m× n�Ý
,�rk(A) = r§K�3ü����
PÚQ,¦�

A = P

 Λr 0

0 0

Q′ = P1ΛrQ′1,

ùp§P = (P1,P2)§Q = (Q1,Q2)§Λr = diag(λ1, · · · , λr)§Ù

¥λi > 0 (i = 1, · · · , r) �A�ÛÉ�, λ2
1, · · · , λ2

r�A′A��"A

��, P1ÚQ1���þ©O�AA′ÚA′A éAur��"A���I

O��z�A��þ.
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2Â_Ý


2Â_Ý
�ïÄ�±J��Moore(1935) �Í¶Ø©, é?

¿��Ý
A, Moore^Xeo�^�:

AXA = A,

XAX = X,

(AX)′ = AX,

(XA)′ = XA,

½Â
A�2Â_X.

2Â_A−: ÷vþã1��^�AXA = A�2Â_.

2Â_A+: ÷vþão�^�,¡�Moore-Penrose2Â_.
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2Â_Ý
A−�35Ú�E5¯K

½n2.3.1
é?ÛÝ
A, A−o´�3�. �A�m× nÝ
, rk(A) = r. e

A = P

 Ir 0

0 0

Q,

ùpPÚQ©O�m× m, n× n��_
,K

A− = Q−1

 Ir B

C D

P−1,

ùpB, CÚD�·��ê�?¿Ý
.
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2Â_Ý
A+���5Ú�E5¯K

½n2.3.2
é?ÛÝ
A, A+��.�A�m× nÝ
, rk(A) = r,eA�ÛÉ�©

)�

A = P

 Λr 0

0 0

Q′,

K

A+ = Q

 Λ−1
r 0

0 0

P′,

Ù¥Λr = diag(λ1, · · · , λr), λi > 0, i = 1, 2, · · · , r, λ2
1, · · · , λ2

r�A′A�

�"A��.
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2Â_�5�

A− ��⇐⇒ A��_�
. d�A− = A−1;

rk(A−) ≥ rk(A) = rk(A−A) = rk(AA−);

eM(B) ⊂M(A),M(C) ⊂M(A′),KC′A−B�A−�ÀJÃ';

A(A′A)−A′�2Â_(A′A)−�ÀJÃ';

A(A′A)−A′A = A, A′A(A′A)−A′ = A′.

(A+)+ = A; (A+)′ = (A′)+; rk(A+) = rk(A);

A+ = (A′A)+A′ = A′(AA′)+,AO/, a+ = a′/‖a‖2;

I ≥ A+A; (A′A)+ = A+(A′)+.
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2Â_A−Ú�5�§|�)�'X

éu�N�5�§|

Ax = b, (1.1)

ùpA´m× nÝ
,Ù�rk(A) = r ≤ min(m, n),K

�r = m = n�,�§|(1.1)k��) x = A−1b.

�AØ�_½��Ø´�
�, (1.1)kÃ¡õ),

é?�2Â_A−, x = A−b7�);

Ax = b�Ï) �x = A−b + (I − A−A)z, Ù¥A−�?��½�

2Â_, z�?¿�þ;

3Ax = b�)8¥, x0 = A+b��Ý��ö.
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©¬Ý
�2Â_

�A�©¬/ª:

A =

 A11 A12

A21 A22

 .

e|A11| 6= 0,KA��é�¬z I 0

−A21A−1
11 I

 A11 A12

A21 A22

 I −A−1
11 A12

0 I



=

 A11 0

0 A22.1

 , (eA�_§Kü>�_��A�_)

ùp, A22.1 = A22 − A21A−11A12.
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©¬Ý
�_

½n2.3.4 (©¬Ý
�_)
�Ý
A�_.

e|A11| 6= 0,K

A−1 =

(
A−1

11 + A−1
11 A12A−1

22.1A21A−1
11 −A−1

11 A12A−1
22.1

−A−1
22.1A21A−1

11 A−1
22.1

)
.

e|A22| 6= 0,K

A−1 =

(
A−1

11.2 −A−1
11.2A12A−1

22

−A−1
22 A21A−1

11.2 A−1
22 + A−1

22 A21A−1
11.2A12A−1

22

)
,

Ù¥A22.1 = A22 − A21A−1
11 A12, A11.2 = A11 − A12A−1

22 A21.
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©¬Ý
�2Â_

½n2.3.5 (©¬Ý
�2Â_)

(1)eA−1
11�3,K(

A11 A12

A21 A22

)−
=

(
A−1

11 + A−1
11 A12A−22.1A21A−1

11 −A−1
11 A12A−22.1

−A−22.1A21A−1
11 A−22.1

)
.

(2)eA��½,=A =

(
A11 A12

A21 A22

)
≥ 0,K

A− =

(
A−11 + A−11A12A−22.1A21A−11 −A−11A12A−22.1

−A−22.1A21A−11 A−22.1

)
,

Ù¥A22.1 = A22 − A21A−11A12.
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��


½Â2.4.1
e�
An×n÷vA2 = A,K¡A���
(idempotent matrix).

��
�A���U�0½1;

��
�,�u�,=eA2 = A,Ktr(A) = rk(A);

eA�é¡��
,KA+ = A¶

é?¿�Ý
A, A−A,AA−, I−A−A,ÚI−AA−Ñ´��
. A

O, A+A,AA+, I− A+AÚI− AA+Ñ´��
;

�Pn×n�é¡��
rk(P) = r,K�3��r �An×r,¦

P = A(A′A)−1A′.
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��ÝK

��ÝK

�x ∈ Rn, S�Rn����5f�m.éx�©)

x = y + z, y ∈ S, z ∈ S⊥,

K¡y�x3Sþ���ÝK.eP�n��
,¦�é��x ∈ Rn, y÷
vy = Px,K¡P��S���ÝK
.

½n2.4.5
�A�n× mÝ
, PA��M(A)���ÝK
,KPA = A(A′A)−A′.

��ÝK
PA��. (PA = A(A′A)−A′�2Â_ÀJÃ')

P���ÝK
⇐⇒ P�é¡��
.
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��ÝK

½n2.4.7
n��
P���ÝK
⇐⇒é?�y ∈ Rn,

‖ y− Py ‖= inf ‖ y− u ‖, u ∈M(P). (1.2)

x1

x2

ŷ = Py

ε̂ = (I − P)y

y
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A���4�5��Ø�ª

Pλ1 ≥ · · · ≥ λn�A�A��, ϕ1, · · · ,ϕn�éA�IO��zA��þ.

½n2.5.1 (Rayleigh-Ritz)
�A�n× né¡
,K

(1) sup
x 6=0

x′Ax
x′x = ϕ′1Aϕ1 = λ1; (2) inf

x6=0
(x′Ax)

x′x = ϕ′nAϕn = λn.

é?�n�é¡
A = (aij),okλn ≤ aii ≤ λ1, i = 1, · · · , n.

sup
ϕ′i x=0

i=1,··· ,k

(x′Ax)
x′x = ϕ′k+1Aϕk+1 = λk+1;

inf
ϕ′i x=0

i=k+1,··· ,n

(x′Ax)
x′x = ϕ′kAϕk = λk.
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A���4�5��Ø�ª

½n2.5.2 (Courant-Fischer4�4�½n)
�A�n× né¡
, B�n× kÝ
,K

(1) inf
B

sup
B′x=0

(x′Ax)
x′x

= sup
Φ′

(k)x=0

(x′Ax)
x′x

= ϕ′k+1Aϕk+1 = λk+1;

(2) sup
B

inf
B′x=0

(x′Ax)
x′x

= inf
Φ′

(k)x=0

(x′Ax)
x′x

= ϕ′n−kAϕn−k = λn−k,

Ù¥ΦkÚΦ(k)©OL«Φ = (ϕ1, · · · ,ϕn)�ck�Ú�k�.
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A���4�5��Ø�ª

½n2.5.3 (Sturm©l½n)
�A�n× né¡
,P

Ar =


a11 · · · a1r

...
...

ar1 · · · arr

 , r = 1, · · · , n

�A�^SÌfª,K

λi+1(Ar+1) ≤ λi(Ar) ≤ λi(Ar+1), i = 1, 2, · · · , r.
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A���4�5��Ø�ª

½n2.5.4 (Weyl½n)

�AÚB��n× n�é¡
,K

λi(A) + λn(B) ≤ λi(A + B) ≤ λi(A) + λ1(B), i = 1, · · · , n.
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½n2.5.4 (Weyl½n)

�AÚB��n× n�é¡
,K

λi(A) + λn(B) ≤ λi(A + B) ≤ λi(A) + λ1(B), i = 1, · · · , n.

y² �x′x = 1.-Φ(i−1) = (φ1, · · · ,φi−1)ÚΨ(i−1) = (ψ1, · · · ,ψi−1)©

OdAÚ(A + B)�ci − 1�A��éA�IOz��z�A�

�þ§C´n× (i− 1)�Ý
,K�â½n2.5.1Ú½n2.5.2k

λi(A)+λ1(B) ≥ sup
Φ′

(i−1)x=0
x′(A+B)x ≥ inf

C
sup

C′x=0
x′(A+B)x = λi(A+B)

= sup
Ψ′

(i−1)x=0
x′(A + B)x ≥ sup

Ψ′
(i−1)x=0

x′Ax + λn(B)≥λi(A) + λn(B).
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A���4�5��Ø�ª

½n2.5.5 (Poincaré©l½n)
�An×n�é¡
, P� n× k����
,= P′P = Ik,K

λn−k+i(A) ≤ λi(P′AP) ≤ λi(A), i = 1, · · · , k.
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½n2.5.5 (Poincaré©l½n)
�An×n�é¡
, P�n× k����
,=P′P = Ik,K

λn−k+i(A) ≤ λi(P′AP) ≤ λi(A), i = 1, · · · , k.

y² ò P*¿����
 P̃ = (P,Q),P

Hn = P̃
′
AP̃ =

 P′AP P′AQ

Q′AP Q′AQ

 ,

Hk = P′AP� Hn � k�^SÌf
. dSturm½n�

λi(A) = λi(P̃
′
AP̃) ≥ λi(P′AP) = λi(Hk) ≥ λi+1(Hk+1) ≥

· · ·≥ λi+(n−k)(Hn) = λi+n−k(P̃
′
AP̃) = λn−k+i(A).
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A���4�5��Ø�ª

½n2.5.6 Cauchy-SchwarzØ�ª

�xÚy�?¿ü�n× 1��þ§K

(x′y)2 ≤ x′x · y′y, (1.3)

�Ò¤á⇐⇒ xÚy�5�'.
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½n2.5.6 Cauchy-SchwarzØ�ª

�xÚy�?¿ü�n× 1��þ§K

(x′y)2 ≤ x′x · y′y, (1.4)

�Ò¤á⇐⇒ xÚy�5�'.

y² �xÚy��k���"�§(Øw,¤á. Ø�b�x 6= 0,½Â

z = y− x′y
‖x‖2 x,

Kx′z = 0. u´

0 ≤ ‖z‖2 = z′y = ‖y‖2 − x′y
‖x‖2 x′y = ‖y‖2 − (x′y)2

‖x‖2 ,

�y(x′y)2 ≤ x′x · y′y,�Ò¤á⇐⇒ z = 0⇐⇒ xÚy¤'~.
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A���4�5��Ø�ª

Cauchy-SchwarzØ�ª�ü«í2/ªµ

�A�n× n��½é¡
,

| x′Ay |2≤ (x′Ax) · (y′Ay),

�Ò¤á⇐⇒ xÚy�5�'.

�A�n× n�½é¡
,

| x′y |2≤ (x′Ax) · (y′A−1y),

�Ò¤á⇐⇒ xÚA−1y�5�'.
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Ý
 S

� A, B�ü� n�é¡
.

e B − A ≥ 0, = B − A ���½
, K¡ A $uB, P� B ≥

A ½ A ≤ B. aq/, A > BL² A− B��½
.

´yé¡
�ù«'X÷ve�5�:

g�5: A ≥ A;

D45:eA ≥ B,B ≥ C,KA ≥ C;

eA ≥ B,B ≥ A,KA = B,

ù«'X�¡�Lowner S. Ï�¿�?¿ü�é¡
Ñkù

«'X,¤±¡Ù� S.
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Ý
 S

½n2.6.1 (üN5)
�A,B�ü�n�é¡
.

(1)eA ≥ B,Kλi(A) ≥ λi(B), i = 1, · · · , n;

(2)eA > B,Kλi(A) > λi(B), i = 1, · · · , n.

y² dWeyl½n�

λi(A) = λn(B + (A− B)) ≥ λi(B) + λn(A− B) ≥ λi(B).

eA ≥ B,=A− B ≥ 0,�λn(A− B) ≥ 0, (1)�y¶

eA > B,Kλn(A− B) > 0,�λn(A− B) > 0, (2)�y.
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Ý
 S

íØ2.6.1
�A ≥ B ≥ 0,K

(1) tr(A) ≥ tr(B); (2) | A |≥| B |; (3) rk(A) ≥ rk(B).

½n2.6.2
�AÚB�ü�n�é¡
, P�n× kÝ
.

(1)eA ≥ B, KP′AP ≥ P′BP;

(2)erk(P) = k, A > B,KP′AP > P′BP.

½n2.6.3
�A ≥ B ≥ 0,KM(B) ⊂M(A).
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Ý
 S

½n2.6.4
�A ≥ 0,B ≥ 0,Ke¡�·K�d.

(1) A ≥ B;

(2) M(B) ⊆M(A),é?¿�x ∈M(A), x′(A− B)x ≥ 0;

(3) M(B) ⊆M(A), λ1(BA−) ≤ 1,ùpλ1(BA−)�A−�ÀJÃ'.

ín2.6.2
�A ≥ 0, B ≥ 0,K

(1)erk(A) = rk(B),KA ≥ B⇔ B+ ≥ A+;

(2)eB > 0,KA ≥ B⇔ B−1 ≥ A−1; A > B⇔ B−1 > A−1.
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Ý
 S

Ún2.6.1
�A�n × n¢�
, λ1(A), σ1(A)©O�§���A��Ú��ÛÉ

�,K| λ1(A) |≤ σ1(A).

y² �x�A�éAuλ1(A)�ü A��þ. u´

(λ1(A))2 = (Ax)′Ax = x′A′Ax ≤ λ1(A′A) = σ2
1(A).

½n2.6.5
�A, B�ü���½
,K

(1) A2 ≥ B2 =⇒ A ≥ B;
(2)eAB = BA,KA ≥ B =⇒ Ak ≥ Bk ≥ 0, k�?¿��ê.
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Kronecker¦È��þz$�

½Â2.6.1
�A = (aij)ÚB = (bij)©O�m× n, p× q�Ý
,¡

A⊗ B =


a11B a12B · · · a1nB
a21B a22B · · · a2nB

...
...

...
am1B am2B · · · amnB


�AÚB�Kronecker¦È.

ù«¦Èäke�5�:

(αA)⊗ (βB) = αβ(A⊗ B); (A⊗ B)′ = A′ ⊗ B′;
(A⊗ B)− = A− ⊗ B−; (A1 ⊗ B1)(A2 ⊗ B2) = (A1A2)⊗ (B1B2).
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Ý
��þz

½Â2.6.2 (Ý
��þz)
Ý
��þzÒ´rÝ
U��þ�gü¤��þ. �Am×n =

(a1, a2, · · · , an),K

Vec(A) =


a1

a2
...

an

 .

�þz$�äke�5�:

Vec(A + B) = Vec(A) + Vec(B); Vec(αA) = αVec(A), (α�ê);

tr(AB) = (Vec(A′))′Vec(B); Vec(ABC) = (C′ ⊗ A)Vec(B)
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Ý
�û

b� X� n× mÝ
, y = f (X)� X���¢�¼ê,Ý


∂y
∂X

4
=



∂y
∂x11

∂y
∂x12

· · · ∂y
∂x1m

∂y
∂x21

∂y
∂x22

· · · ∂y
∂x2m

...
...

...
∂y
∂xn1

∂y
∂xn2

· · · ∂y
∂xnm


n×m

¡� yé X��û.

�a, xþ�n× 1�þ, An×né¡
,K

∂a′x
∂x

= a,
∂x′Ax
∂x

= 2Ax.
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