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�5·Ü�A�....
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Aa~���.

�5£8�.

��©Û�.

���©Û�.

·Ü�A�.

lÑ�ACþ�2Â�5�.

probit£8�.

logistic�.
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�5£8�.

3y¢­.¥,�3X�þk�
�6'X�Cþ,Ù¥��½

�
Cþ�±Ü©/�Øé(�û½,��Cþ��,~X

N­Y��pXµ�X��, Y���u�, �dX ØUî�/û

½Y¶

¢½)¹^>þY�í§Xké��'X,3gUí§ép½ÁU

í§é$�, ^>þÒp. ��, 3S¢G!í§Øp�Ø$, ^

>þÒ�é�. �ØUdí§XO(/û½^>þY.

Cþ�m�ù«'X¡�/�''X0, £8�.Ò´ïÄ�

''X���kåóä.
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�5£8�.

Ï~¡Y�ÏCþ½�ACþ, X�gCþ½)ºCþ. ��Y�

�düÜ©|¤:

dXU
û½�Ü©,´X�¼ê,P�f (X);

dÙ¦¯õ�\�Ä�Ï�(�)�ÅÏ�)¤�)�K�, �w

��ÅØ�,P�e,u´,�

Y = f (X) + e, (1.1)

ùp, e��ÅØ�, E(e) = 0.

¡�.(1.1)�£8�.. ('u/£80�c�¡�)º¤
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�5£8�.

ef (X)´�5�½ö´Cq�5�,

f (X) = β0 + β1X,

K£8�.�

Y = β0 + β1X + e. (1.2)

¡(1.2)��5£8�.,¡β0 + β1X ��5£8�§,Ù¥

β0´����å

β1 ´����Ç,�¡�£8Xê

β0Úβ1���,IÏL*ÿêâ5�O.
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�5£8�.

b�kn|(X,Y)�*ÿ�

(xi, yi), i = 1, · · · , n.

XJY�X k£8'X(1.2),K(xi, yi)÷v

yi = β0 + β1xi + ei, i = 1, · · · , n, (1.3)

ùp, ei �éA��ÅØ�. A^·�ÚO�{���β0Úβ1�

�O�β̂0, β̂1. u´²�£8�§

Y = β̂0 + β̂1X.

/²�0L«ù�£8��´Äung*ÿêâ(xi, yi)�O¤�,�ý¢�
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�5£8�.

~1.1.1
�
´y��¬<�ÊH'5���­�¯K.b�XL«�p(cm),

YL«N­(kg). b�Y�X�mäk�5£8'X(1.2),ùpØ�eL

«Ø
�pX�	,¤kK�N­Y�Ù¦Ï�,~X¢DÏ�!Ø 

S.!N�âõ�.

,ïÄ¤d�ÅÄ��n<��pÚN­êâ(xi, yi), i = 1, · · · , n,

�O�β̂0 = 40, β̂1 = 0.6. u´�²�£8�§

Y = −40 + 0.6X.

T�§3�½§Ýþ£ã
N­��p��''X. Xéu�

��p160cm�<,�ýÿ¦�N­��� 56kg.
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�5£8�.

~1.1.2
·���,��úi�û¬�ÈþY�Ù2w¤X1k��'X,��

5`3Ù¦Ï�(X�¬�þ�)�±ØC��¹e,^32wþ�¤

^�p,§�û¬�Èþ�Ò¬�õ. �ù��´�«�''X.

,úi�âL��ã�m��ÈP¹��²�£8�§

Y = 1608.5 + 20.1X.

²�£8�§L²µ2w¤X1zO\��ü , Túi�ÈÂ

\ÒO\20.1�ü .
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�5£8�.

XJT/«<�O\é¯, K<�oêX2é�U�´K��È

þ���­�Ï�.�âP¹�{¤êâ,��²�£8�§

Y = 320.3 + 18.4X1 + 0.2X2.

ÙL²µ

�2w¤X1O\½<�oêX2O\�,û¬�ÈþÑO\¶

�<�oê�±ØC�, 2w¤zO\1�ü , �ÈþO

\18.4�ü ;

�2w¤�±ØC, <�oêzO\1�ü , �ÈþO\0.2�

ü .
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�5£8�.

3¢S¯K¥, K�ÏCþ�Ì�Ï�  éõ. b�ÏC

þYÚp− 1�gCþX1, · · · , Xp−1 �mkXe'Xµ

Y = β0 + β1X1 + · · ·+ βp−1Xp−1 + e, (1.4)

Ù¥β0�~ê�, β1, · · · , βp−1�£8Xê, e��ÅØ�.

é(Y, X1, · · · , Xp−1)?1
ng*ÿ,��n|*ÿ�

(yi, xi1, · · · , xi,p−1), i = 1, · · · , n.
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�5£8�.

§�÷v'Xª

yi = β0 + xi1β1 + · · ·+ xi,p−1βp−1 + ei, i = 1, · · · , n, (1.5)

ùpβ0�~ê�, β1, · · · , βp−1�£8Xê, ���, ei�éA�

�ÅØ�, E(ei) = 0. P

y =


y1

y2
...

yn

 , β =


β0

β1
...

βp−1

 , e =


e1

e2
...

en

 ,
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�5£8�.

X =


1 x11 · · · x1,p−1

1 x21 · · · x2,p−1
...

...
...

1 xn1 · · · xn,p−1

 ,

K�.(1.5)�Ý
/ª�

y = Xβ + e, (1.6)

Ù¥y�n× 1�*ÿ�þ, X�n× p®��OÝ
, β���ëê

�þ, e�n× 1�ÅØ��þ, E(ei) = 0.

ùp“�O"üi¿Ø%¹?Ûý��O�¹Â,�´S.^{.
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�5£8�.

Ï~b��ÅØ��þe÷vGauss-Markovb�µ

(a) Ø��äk���,= Var(ei) = σ2, i = 1, · · · , n;

(b) Ø�´*dØ�'�,= Cov(ei, ej) = 0, i 6= j.

Gauss-Markov�.

y = Xβ + e, E(e) = 0, Cov(e) = σ2In (1.7)

ùpCov(e)L«�Å�þe����
.

5 Gauss-Markovb��¦ei ���!Ø�'�^�,ù
�¦k

�w�îx
.
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�5£8�.

ØÓg*ÿS��'.

X3²L¯K¥,�«�{ü�g�''X,Ø����g£8:

ei = ϕei−1 + εi, | ϕ |< 1,

Ù¥ε1, · · · , εn ÕáÓ©Ù, E(εi) = 0, Var(εi) = σ2
ε . u´

Cov(e) =
σ2
ε

1− ϕ2


1 ϕ · · · ϕn−1

ϕ 1 · · · ϕn−2

...
...

...

ϕn−1 ϕn−2 · · · 1

 . (1.8)
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�5£8�.

�.��5�,�²L·�C�,�z��5�..

X3²LÆ¥Í¶�Cobb-Douglas)�¼êµ

Qt = aLb
t Kc

t ,

ùpQt, LtÚKt©O�tc���!NåÝ\þÚ]7Ý\þ. 3

þªü>�g,éê,�

ln(Qt) = ln(a) + b ln(Lt) + c ln(Kt) .

Pyt = ln(Qt), xt1 = ln(Lt), xt2 = ln(Kt), β0 = ln(a), β1 = b,

β2 = c.\þØ��,B���5�.

yt = β0 + β1xt1 + β2xt2 + et.
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�5£8�.

�.'ugCþ��5,�'u��ëê�5.

Xõ�gCþ�õ�ª�.

Y = β0 + β1X1 + β2X2 + β11X2
1 + β22X2

2 + β12X1X2 + e.

5 �5�.¥/�50¢�þ´�Y'u��ëêβi�'X´�5�.

5 ?Û1w¼êÑ�^v
p��õ�ª5%C, ��ÏCþYÚÃgC

þ�m�'XØ´�5'X�,�^õ�õ�ª5Cq.

Ta�.  Ñy3zÆó§+��ïÄ¥, Ù8�´¦Ãg

Cþ���|Ü, ¦�ÏCþY ����½��. ùa¯K¡

��A­¡�O.
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“£8"�c�d5

“£8"=©�“regression", ´d=IÍ¶)ÔÆ[oÚOÆ

[Galton3ïÄ<a¢D¯K�JÑ�. �
ïÄI��f�

�p�'X, GaltonÂ8
1078éI�9Ù�f��pêâ.

^XL«I��p, YL«�f�p,ü �=�.

R^�¥���N^ù�êâ8§N^Têâ8ÚxIf�p

êâ(xi, yi)Ñ:ã�§SXeµ
install.packages("UsingR")

library(UsingR)

data(father.son)

plot(sheight fheight, data=father.son, bty="l", pch=20)
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“£8"�c�d5
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Ñ:ã��¥��G. o�ª³´I���pXO\�, �f�

�pY���uO\,ù�·��~£´���.
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“£8"�c�d5

Galton�\©Û,uy
��ék��y�—£8�A.

ù1078�I�²þ�p!f�²þ�p©O��x̄ = 68, ȳ =

69.`²f��p²þO\
1=�.

g,í�

eI��p�x,¦�f�²þ�py��A�x + 1,=y ≈ x + 1.

�Galton�c[ïÄ¤�(Ø�d��»Ì.¦uy

�I��p�72=��(pu²þ),¦��f²þ�p=�71=

�.Ø��Ø�ýÏ�72+1=73=�,�
'I��p$
1=�.

eI��p�64=�(Lu²þ), ¦��f²þ�p�67=�,

¾'ýÏ�64+1=65=�pÑ
2=�.
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“£8"�c�d5

ù�y�Ø´�O�,§�N
����5Æ:

�p�L²þ�x̄ = 68=��I�, ¦��f�²þ�pò$u

I��²þ�p.

�p$u²þ�px̄ = 68=��I�, ¦��f�²þ�pòp

uI��²þ�p.

Galtonéù���(Ø�)º
�g,äk�«�åå, ¦<a�p�©Ù3�½�ÏS�é­½


Ø�)ü4©z,ùÒ´¤¢�£8�A.

ÏLù�~f, GaltonÚ?
/£80�c. ^¦�êâ, �±

O�Ñ�f�pY�I��pX�²�'XµY = 34 + 0.5X.

Ç�_ (BJUT) Chap1µ�.VØ 22 / 47



“£8"�c�d5

60 65 70 75

60
65
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75

fheight

sh
ei

gh
t

§�L�^��(ã¥ù�),¡ù^��¡�£8��.

ù�²�£8����N
If�pùü�Cþ�''X¥äk£8�A�

�«AÏ�¹, é�õ��''X, ¿�Ñ´Xd. AO´�9õ�gCþ�

�¹¥,£8�ABØE�3,ØLES.5/÷^“£8"ù�c.
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��©Û�.

�5£8�.

¤�9�gCþ��5`Ñ�±´ëYCþ,

Ä�8�: Ï¦ÏCþ�gCþ�m�*�3��6'X.

��©Û�.

§�gCþ´«5Cþ,ù«Cþ  L«,«�A��3�Ä,

Ï
�U�0, 1ü��.

Ä�8�: '�ü�½õ�Ï��A��.

'�Ï��A�ÚO©Û3ÚOÆþ����©Û, éA/òù«

�.¡���©Û�..
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Aa~���.

�5£8�.

��©Û�.

���©Û�.

·Ü�A�.

lÑ�ACþ�2Â�5�.

probit£8�.

logistic�.
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��©Û�.

~1.2.1 ü�©a(one-way classification)�.

yij = µ+ αi + eij, i = 1, · · · , a, j = 1, · · · , ni, (1.9)

ùpµ¡�o²þ, αiL«1i«?n��A, eijL«�ÅØ�,Ùþ�

�0,��Ñ��,*dpØ�'.

X'�n«�£�,«;¾��J, ��Ýþ�I�Y. b�æ

^V_¢�{, éz«��kn�<Ñ^, Pyij�Ñ^1i«��

1j��ö���ÿþ�,Ka,���k�¬��Ï�,§kn

�ØÓ�¬«, ¡ùn�¬«�Ïf�Y²½“?n", =þ�.

¥a = 3, ni = n.
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��©Û�.

�.���

y11

...
y1n

...
ya1

...
yan


=



1 1 0 0
...

...
...

...
1 1 0 0
...

...
...

...
1 0 0 1
...

...
...

...
1 0 0 1




µ

α1

...
αa

+



e11

...
e1n

...
ea1

...
ean


.

^y, X, βÚe©OL«þª¥�o��þ½Ý
,K

y = Xβ + e. (1.10)

5 rk(X) = a− 1 < a. �O
�ü�´��©Û�.���A:.
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��©Û�.

b�3�g)�¢�¥, K��¬�þ�IY�kü�Ï

�AÚB. �Ï�Aka�Y², Ï�B kb�Y². PyijL«3

Ï�A�1i�Y², Ï�B�1j�Y²�)���¬�þÿþ

�.Kyij�©)�

~1.2.2 ü�©a(two-way classification)�.

yij = µ+ αi + βj + eij, i = 1, · · · , a, j = 1, · · · , ni, (1.11)

ùpµE�o²þ, αi�Ï�A�1i�Y²��A, βj�Ï�B�1j�

Y²��A, eij��ÅØ�.
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A~µ�Å«|�O�.

~ �à�¢�¥%l	/Ú?n«`ûð«, 3�¡È«��c,

k?1���Á�±BÀÑ·Ü�/íÿ^��ð«.

rùn«�ð«����!�Y�^���3�Ó�G�¶

ééJ�y^u¢��è/�»§Ý,�Å«|�Oµ

r¢�^�è/©¤eZ�¬(¡�«|, block), ¦z��¬è

/�»§ÝÄ�þ��.

2rz�«|©¤3����¬(¡�Á�ü�).

òz«�ð��´�Å/«3�«|¥��Á�ü�. Á�ü

���ð�þ yij = µ+ αi + βj + eij,Ù¥αi�1i«�ð(=?n,

treatment)��A, βj´1j�«|��A.
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��©Û�.

3Á��O¥, «|´��é­��Vg. ü�©a�

.  ��¡��Å«|�O�., ¿rαiÚβj ©O�¡

�?n�A!«|�A.

Ï~Ì�a,��´'�?n�A,Ú\«|´�
 �©ÛØ�.

~ b�^a«ó²\ó�
�¬,y3�'�ùa«ó²�`�.

^yijL«1i«ó²\ó�1j ��¬�þ, αi�1i «ó²��

A,�^ü�©a�.¶

�e^b ����uÿ§���þ, @oÒArùb �����

É�Ä?�. ù�b���Ò¤
«|, βj ´1j�����A.
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Aa~���.

�5£8�.

��©Û�.

���©Û�.

·Ü�A�.

lÑ�ACþ�2Â�5�.

probit£8�.

logistic�.
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���©Û�.

�5£8�.

gCþ´ëYCþ,�O
X���xij ��ëY�.

��©Û�.

gCþ´á5Ïf,�O
X���xij�U�0Ú1ü��.

���©Û�.

þãü«�.�·Ü.�.¥�gCþQká5ÏfqkêþÏ

f. �OÝ
düÜ©|¤,�Ü©±0Ú1ü�ê���,
,�

Ü©�����ëY�.

�±w�d��©Û�.Ú�5£8�.��OÝ
|©
¤.
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���©Û�.

²;~f

b½Á�ö^A«r����Â, ¿±�Â�)��Ý(=�ÂN­

O\þ)5'�r��x��J,ù´��ü�©a¯K.�¦Ør�

	,Ù{Ï�AT¦þ��3�Ó^��e. �ùpë�Á���Â

Ð©N­ØÓ,�Ué)��Ýk�½K�.

�
�Øù«K�,�±æ�ü«�{:

ÀJN­Ñ����Â5�Á�. (3¢S¥(Jé�)

�{r�ÂÐ©N­�K��Ø.�{: òÙÚ\��©Û�.,

æ^���©Û.
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���©Û�.

~1.3.1
Á�ö�'�ü«r��x��J,^z«r���nÞÂ.Pyij�

�1i«r��1jÞÂ�N­O\þ,Kyij�©)�

yij = µ+ αi + γxij + eij, i = 1, 2, j = 1, 2, 3, (1.12)

ùpµ�o²þ, αi�1i«r���A, xij��1i«r��1jÞÂ�

Ð©N­, γ��Cþ�Xê,=£8Xê.

Â�r�©A�¬«, ´á5Ïf, ¡���©þ. du�Â�

Ð©N­´Á�öJ±éÐ/��
?\Á��, �¡Ù��

Cþ(½��Cþ),§´ëYCþ.
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���©Û�.

eP y = (y11, y12, y13, y21, y22, y23)′ ,

X =



1 1 0 x11

1 1 0 x12

1 1 0 x13

1 0 1 x21

1 0 1 x22

1 0 1 x23


, β =


µ

α1

α2

γ

 , e =



e11

e12

e13

e21

e22

e23


,

K�.(1.12)äk/ª

y = Xβ + e.

A::�O
XÜ©�����0½1,�{���K�ëY�
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Aa~���.

�5£8�.

��©Û�.

���©Û�.

·Ü�A�.

lÑ�ACþ�2Â�5�.

probit£8�.

logistic�.
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�5·Ü�A�.

~1.4.1
±ïÄ<�ÉØ3�US�Cz5Æ�~. 3�USÀJa��m

:ÿþ�*ÿö�ÉØ, b�*ÿ
b�<, ^yijL«1i��m:�

1j�<�ÉØ, αi�1i��m:��A, βj�1j�<��N�A,K

yij = µ+ αi + βj + eij, i = 1, · · · , a, j = 1, · · · , b,

ùpαi´�½�A,
βj´Ä�Å�ûuïÄ,�.

�½�Aeùb�<´a,��A½�b�<

�Å�A eïÄ�,��´'�ØÓ�m:<�ÉØp$þ,

�*ÿ�b�<´�ÅÄ��.
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�5·Ü�A�.

~1.4.1 ¡�êâ(Panel data)�.
3Oþ²LÆ¥,b�·�éN��N(X�<, [Ì, úi, ¢½, I

[½«��)?1
T����*ÿ,

yit = x′itβ + ξi + εit, i = 1, · · · ,N, t = 1, · · · ,T, (1.13)

Ù¥yitL«1i��N1t����,�²L�I, xit´p× 1®��þ,

�x
1i��N3��t��
g�A�, ξi´1i��N��N�A,

εit ´�ÅØ�.

e8�´ïÄ��½|�$15Æ,ùN��N´loN¥Ä�

��Å��,
�A½'%��N,ù��N�A´�Å�.
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�5·Ü�A�.

�é�.(1.13),P y = (y11, · · · , y1T , · · · , yN1, · · · , yNT)′,

X = (x11, · · · , x1T , · · · , xN1, · · · , xNT)′, U1 = IN ⊗ 1T ,

ξ = (ξ1, · · · , ξN)′, ε = (ε11, · · · , ε1T , · · · , εN1, · · · , εNT)′.

b�Var(ξi) = σ2
ξ ,Var(εit) = σ2

ε ,¤kξiÚεitÑØ�',K

y = Xβ + U1ξ + ε,

Cov(y) = σ2
ξU1U′1 + σ2

εINT = σ2
ξ(IN ⊗ JT) + σ2

εINT ,

ùp, ⊗�Kronecker¦È(�12Ù), 1n L«n× 1�þ,§�¤k

��þ�1, Jn = 1n1′n.
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�5·Ü�A�.

·Ü�A�.��/ª

y = Xβ + U1ξ1 + U2ξ2 + · · ·+ Ukξk, (1.14)

Ù¥, XÚUi�®��O
, β��½�A, ξi��Å�A.b�

E(ξi) = 0, Cov(ξi) = σ2
i Iqi , Cov(ξi, ξj) = 0, i 6= j,

u´

E(y) = Xβ, Cov(y) =

k∑
i=1

σ2
i UiU′i, (1.15)

¡σ2
i���©þ,¡(1.14)���©þ�..
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Aa~���.

�5£8�.

��©Û�.

���©Û�.

·Ü�A�.

lÑ�ACþ�2Â�5�.

probit£8�.

logistic�.
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lÑ�ACþ�.

�ACþY�U�©aCþ½OêCþ. X

�Ä´Ä(´!´Ä)��§�ACþ´�©a(0-1)Cþ;

�ÄÑ1�Ïóä�ÀJ(1. Ú1, 2. >Ä�, 3. ð�, 4./c)�,

�ACþ´ÃSõ©aCþ;

�Ä��éËA�¸�µd(1. Ø÷¿, 2. ��, 3.÷¿, 4. �~

÷¿)�,�ACþ´kSõ©aCþ;

3u�,«£����Ô����,P¹ü��S£�|Úéì

|¾<��u��gêÒ´��OêCþ�.
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lÑ�ACþ�.

B�±Y�m�.(Kutner, 2004)�~5w«�©a�ACþ�

�«ï�g�.

�ÅÄ�n¶)O§P¹¨�~)�mÚ)ÏPË§Ý

(yc
i , xi), i = 1, · · · , n.

b�1�PË§Ý(X)éÙ~)�m(Yc)�K�÷v�.:

yc
i = βc

0 + βc
1xi + ec

i .

ea,��´1�PË´Ä¬��?�@�,d��ACþ

yi =

 1, yc
i ≤ 38±, (@�),

0, yc
i > 38±, (v�).
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lÑ�ACþ�.

PFec ��.�ÅØ�ec
i�©Ù¼ê. u´�ACþyi�þ��

π(xi) = E(yi) = P(ec
i ≤ 38− βc

0 − xiβ
c
1) = Fec(38− βc

0 − xiβ
c
1).

e�.Ø�ec
i ∼ N(0, σ2),K

π(xi) = Φ

(
38− βc

0
σ

−
βc

1
σ

xi

)
,

ùp, Φ�IO��©Ù¼ê. Pβ0 =
d−βc

0
σ , β1 = −βc

1
σ .

�probit£8�.

probit(π(xi)) = Φ−1(π(xi)) = β0 + xiβ. (1.14)
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lÑ�ACþ�.

eec
iÑllogistic©Ù,K

ec
i�L«�ec

i = σπεi/
√

3,Ù¥, εiÑlIO�logistic©Ù,©Ù¼ê�

Fε(εi) =
exp(εi)

1 + exp(εi)
=

1
1 + exp(−εi)

= h(εi). (1.15)

Pβ0 = π(d − βc
0)/(
√

3σ), β1 = −πβc
1/(
√

3σ).u´,

π(xi) = P(yi = 1) = P(εi ≤ β0 + xiβ1) =
1

1 + exp{−β0 − xiβ1}
.

�logistic£8�.:

logit(π(xi)) = β0 + xiβ1, (1.16)

Ù¥, logit(π(xi)) = ln (π(xi)/(1− π(xi))) .
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lÑ�ACþ�.

5 �ec
i©Ù�ØÓb�,Ò¬��ØÓ��©a�..

,	, �
ïÄùõ��xÏféB�±Y�m�K�§ïÄ

öqòB�±Y�m�u38±[©�üaµ

Øv36±£@�¤

36±�37±�m£0u@�Úv��m¤

d�ÏCþÒC¤
n©aCþ§
�ùna�mk^S.

'udaêâ�ï�ò3110Ù�Ñ
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�5£8�.

��©Û�.

���©Û�.

·Ü�A�.
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)�©aÑ�ACþ�ï�g�
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